Holostar Thermodynamics 



Michael Petri* 

Bundesamt fur Strahlenschutz (BfS), Salzgitter, Germany 

June 16, 2003 (vl) 

May 1, 2004 (v3) 



Abstract 

A simple thermodynamic model for the final state of a collapsed, spher- 
ically symmetric star is presented. It is assumed that at the end-point of 
spherically symmetric collapse the particles within the star become ultra 
relativistic and that their thermodynamic properties can be described by 
an ideal gas of ultra-relativistic fermions and bosons. The metric at the 
final stage of collapse is assumed to approach the static metric of the so 
called holographic solution, a new exact spherically symmetric solution to 
the Einstein field equations with zero cosmological constant. 

If the geometry of a collapsed star can be described by the holostar 
metric, the established picture of gravitational collapse of a relativistic 
star changes significantly. The metric-induced "expansion" of space in 
combination with the quantum mechanical degeneracy pressure of its 
constituent matter allow a collapsing star to settle down to a thermo- 
dynamically stable state, which doesn't have a point-mass at its center, 
irrespective of the star's mass. The thermodynamical configuration of the 
holostar is stabilized by a non-zero chemical potential of the relativistic 
fermions, which is proportional to the local radiation temperature within 
the holostar. The non-zero chemical potential acts as a natural source for 
a significant matter-antimatter asymmetry in a self gravitating object. 

The final configuration has a radius slightly exceeding the gravitational 
radius of the star. The radial coordinate difference between gravitational 
and actual radius is of order of the Planck length and roughly propor- 
tional to the square root of the effective number of degrees of freedom 
of the particles within. The total number of ultra-relativistic particles 
within the star is proportional to its proper surface-area, measured in 
units of the Planck-area. The entropy per particle a can be calculated 
from the thermodynamic model, a >~ n, nearly independent from the 
specifics of the thermodynamic model. This is first direct evidence for the 
microscopic-statistical nature of the Hawking entropy and indicates, that 
the holographic principle is valid for compact self gravitating objects of 
any size. 
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The free energy within the holostar is minimized to F — 0, meaning 
that - on average - the entropy per particle is equal to the energy per 
particle per temperature, i.e. a — e/T. 

A "Stefan-Boltzmann-type" relation between the local surface temper- 
ature and the proper surface area of the star is derived. This relation im- 
plies a well defined internal radiation temperature proportional to l/\/r. 
The red-shift factor of the holostar's surface with respect to an observer 
at infinity is proportional to 1/y/M, so that the holostar's temperature at 
infinity is proportional to 1/M. The Hawking temperature and -entropy 
laws are derived from microscopic statistical thermodynamics up to a con- 
stant factor. 

The factor relating the holostar's temperature at infinity to the Hawk- 
ing temperature can be expressed in terms of the internal local radiation 
temperature and the local total matter-density, allowing an experimental 
determination of this factor. Assuming, that the universe can be described 
by a large holostar and using the recent experimental data for the CMBR- 
temperature and the total matter-density the Hawking formula is verified 
to an accuracy better than 1%. 

The surface area of a holostar consists of a two dimensional membrane 
with high tangential pressure. The membrane's contribution to the en- 
tropy and gravitating mass of the holostar is discussed briefly under the 
assumption, that the membrane consists of a gas of bosons whose number 
is roughly equal to the number of the interior particles. 

A table for the relevant thermodynamic parameters for various com- 
binations of the degrees of freedom and the chemical potentials of the 
interior particles (fermions and bosons) is given. The total number of 
particle degrees of freedom at ultra-relativistic energies is estimated to 
be / « 7000. The holographic solution preserves the relative ratios of 
the energy-densities of the fundamental particle species. This allows an 
estimation of the proton to electron mass-ratio m p /m e « //4. 

The case of a "zero-temperature" holostar and some properties ex- 
pected from a rotating holostar are discussed briefly. 

1 Introduction: 

In [S] a variety of new solutions to the field equations of general relativity were 
derived. These solutions describe a spherically symmetric compact gravitating 
object with a generally non-zero interior matter-distribution. The boundary 
of the matter distribution generally lies outside of the object's gravitational 
radius and consists of a two-dimensional spherical membrane of high surface- 
tension/pressure, whose energy-content is comparable to the gravitating mass 
of the object. 

Some of the new solutions don't contain a point-singularity at the origin, 
indicating that spherically symmetric collapse of a large star or a galactic core 
might not necessarily end up in a black hole of the Schwarzschild (vacuum) type, 
if the pressure becomes anisotropic. 

The new solutions cover a wide range of possibilities. The most promising 
solutions appear to be those characterized by a mass-density of p oc l/(87rr 2 ) 
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within the interior. 

The solution with p = l/(87rr 2 ), the so called holographic solution, or short 
"holostar", is of particular interest. Its geometric properties have been discussed 
in [7] in some detail. The holostar is characterized by the property, that the 
stress-energy content of the holostar's membrane is equal to its gravitating mass. 
Alternatively the holostar's total gravitating mass can be derived by an integral 
over the trace of the stress-energy tensor, a Lorentz invariant quantity. 

The interior matter-state of the holographic solution can be interpreted as 
a collection of radially outlayed strings, with the end-points of the strings at- 
tached to the holostar's boundary membrane. Every string segment attached to 
the membrane occupies a membrane segment of exactly one Planck area. The 
interior strings are densely packed, their mutual transverse separation is exactly 
one Planck area. This dense package might be at the heart of the explanation, 
why the holostar doesn't collapse to a singularity, regardless of it's size. For a 
more detailed discussion of the string nature of the holographic solution see [Hj- 

Although the holographic solution has a strong string character, its interior 
matter state can also be interpreted in terms of particles. In this paper a simple 
thermodynamic model for the interior matter state is explored, which provides 
a genuine microscopic statistical explanation for the Hawking temperature and 
entropy of a compact self gravitating object and gives a thermodynamic expla- 
nation for the matter-antimatter asymmetry in curved space-time. 

2 A short introduction to the holographic solu- 
tion 

The holographic solution is an exact solution to the Einstein field equations 
with zero cosmological constant 1 . The spherically symmetric metric of the holo- 
graphic solution has been derived in [H] : 

ds 2 = gtt(r)dt 2 - g rr {r)dr 2 - r 2 dfl 2 (1) 

The holographic solution can be viewed as the simplest possible solution to the field 
equations. Although it contains matter, it is much simpler than a pure vacuum solution. 
How can this be? General relativity is a non-linear theory. Even its vacuum equations are 
non-linear and all of its known solutions (=classical black holes) quite complicated. Therefore 
most of general relativity's practitioners tend to think that all relevant solutions to the field 
equations must be non-linear and highly complex. There is a general feeling that the solutions 
will become even more complicated when matter is introduced into the theory. Linearizing 
the field equations is viewed as a mere approximation, appropriate only in the weak field 
limit. The full result should always be non-linear. But this is not the case: The introduction 
of string type matter into the general theory of relativity simplifies the field equations in a 
very essential way. In the spherically symmetric case it is very easy to see that the field 
equations are linearized, if the matter follows a string equation of state p = —P r . That string 
type matter must reduce the complexity of the field equations becomes clear, if one realizes 
that the active gravitational mass-density of a string is always zero. Neither the vacua of the 
classical black hole solutions nor other types of matter have this property. But the active 
gravitational mass density can be viewed as the "true" source of the gravitational field. The 
equations for the local proper geodesic acceleration in a local Minkowski frame have the active 
gravitational mass-density as a source term. 
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g tt (r) = l/g rr (r) = *(l-0(r- r h )) + (1 - ^)0(r - r h ) (2) 
r r 



with 



rh =r + +r 
r+ = 2M 

All quantities are expressed in geometric units c = G = 1. For clarity ?j will 
be shown explicitly. 6 and 5 are the Heavyside-step functional and the Dirac- 
delta functional respectively, denotes the radial coordinate position of the 
holostar's surface, which divides the space-time manifold into an interior source 
region with a non-zero matter-distribution and an exterior vacuum space-time. 
r + is the radial coordinate position of the gravitational radius (Schwarzschild 
radius) of the holostar. r + is directly proportional to the gravitating mass 
M = r+/2. Tq is a fundamental length parameter. 2 

The matter fields (mass density, principal pressures) of any spherically sym- 
metric gravitationally bound object can be derived from the metric by simple 
differentiation (see for example [jy). For the discussion in this paper only the 
radial metric coefficient g rr {r) is essential. In the spherically symmetric case 
the total mass-energy density p can be calculated solely from the radial metric 
coefficient. 3 For any spherically symmetric self gravitating object the following 
general relation holds: 

(£)' '- 1 - 8 "*' (3) 

It is obvious from the above equation, that a matter-density p = l/(87rr 2 ) 
is special. It renders the differential equation for g rr homogeneous and leads to 
a strictly linear dependence between g rr and the radial distance coordinate r. 

With g rr given by equation J2J) the energy-density turns out to be: 

Within the holostar's interior the mass-energy density follows an inverse 
square law. Outside of the membrane, i.e. for r > r/ l; it is identical zero. Note, 
that rh must not necessarily be finite. 

In the following discussion the argument (r — rh) of the 9- and (5-distributions 
will be omitted. 

2 ro has been assumed to be roughly twice the Planck- length in 151 171 . The analysis in |5] 
indicates Tq ~ 4-^/3/4 at low energies. In this paper a more definite relationship in terms of 
the total number of particle degrees of freedom at high temperatures will be derived. 

3 If the principal pressures are to be derived from the metric, one must also know the 
time- coefficient of the metric. This can be loosely interpreted such, that pressure is a "time- 
dependent" phenomena, i.e. the physical origin of pressure is intimately related to the (un- 
ordered) motion of the particles, whereas the mass-energy density of a static body not neces- 
sarily needs the concept of motion for it's definition. 
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The radial and tangential pressures also follow from the metric: 



(5) 



Pe = P v = 



(6) 



P r is the radial pressure. It is equal in magnitude but opposite in sign to 
the mass-density. Pg denotes the tangential pressure, which is zero everywhere, 
except for a 5-functional at the holostar's surface. The "stress-energy-content" 
of the two principal tangential pressure components in the membrane is equal 
to the gravitating mass M of the holostar. 

In order to determine the principal pressures from the metric, the time- 
coefficient of the metric g u must be known. For the holostar equation of state 
with P r = —p we have g tt — l/g rr - Other equations of state lead to different 
time-coefficients, and therefore different principal pressures. 

Neither the particular form of the time-coefficient of the metric, nor the 
particular form of the principal pressures are important for the main results 
derived in this paper, which are based on equilibrium thermodynamics, where 
time evolution is irrelevant. 4 The essential assumptions are: 

• spherical symmetry 

• a radial metric coefficient g rr = r/ro 

• a total energy density p = I/(87rr 2 ) 

• microscopic statistical thermodynamics of an ideal gas of ultra-relativistic 
fermions and bosons (in the context of the grand-canonical ensemble) 

If the validity of Einstein's field equations with zero cosmological constant 
is assumed, conditions two and three are interchangeable. 

In the following sections I assume that Tq is nearly constant, i.e. more or 
less independent of the size of the holostar and comparable to the Planck area 
Api = h: 



This assumption will be justified later. 

3 A simple derivation of the Hawking tempera- 
ture and entropy 

The interior metric of the holostar solution is well behaved and the interior 
matter-density is non-zero. The solution is static: The matter appears to exert 
a radial pressure preventing further collapse to a point singularity. However, 

4 As long as the relevant time scale is long enough, that thermal equilibrium can be attained. 



r 2 = (3r Pl 2 = 0h 



(7) 
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the solution gives no direct indication with respect to the state of the interior 
matter and the origin of the pressure. 

In this section I will discuss a very simple model for the interior matter 
state of the holostar, which is able to explain many phenomena attributed to 
black holes. Let us assume that the interior matter distribution is dominated 
by ultra-relativistic weakly interacting fermions and the pressure is produced 
by the exclusion principle. Due to spherical symmetry the mean momentum 
of the fermions p(r) and their number density per proper volume fn(r) will 
only depend on the radial distance coordinate r. f denotes the effective number 
of degrees of freedom of the fermions. For ultra-relativistic fermions the local 
energy-density will be given by the product of the number density of the fermions 
and their mean momentum. This energy density must be equal to the interior 
mass-energy density of the holostar: 

P = p(r)/n(r) = (8) 

If the fermions interact only weakly, their mean momenta can be estimated 
by the exclusion principle: 

p(r) 3 -L = (2^) 3 (9) 
n(r) 

These two equations can be solved for p(r) and n(r): 

. , n 4 7T2 1 
P(r) = — j r (10) 

f 4 T 2 

/* 1 

Mr) = -T^-r— (11) 
?i 4 87r2 n 

The mean momenta of the fermions within the holostar fall off from the 
center as 1/r 1 / 2 and the number density per proper volume with 1/r 3 / 2 . Similar 
dependencies, however without definite factors, have already been found in by 
analyzing the geodesic motion of the interior massless particles in the holostar- 
metric. It is remarkable, that equilibrium thermodynamics combined with the 
uncertainty principle gives the same results as the geodesic equations of motion. 
This is not altogether unexpected. In 0] it has been shown, that the field 
equations of general relativity follow from thermodynamics and the Bekenstein 
entropy bound |2] ■ 

The momentum of the fermions at a Planck-distance r = rpi = \fh from the 
center of the holostar is of the order of the Planck-energy Epi = \f%. It is also 
interesting to note, that for both quantities p(r) and n(r) the number of degrees 
of freedom / can be absorbed in the radial coordinate value r — > v7 r i so that 
p and n effectively depend on v7 r. We will see later that the square root of / 
plays an important role in the scaling of the fundamental length parameter ro- 5 

5 Perhaps it would be better to reformulate the above statement, by saying that the fun- 
damental area kirr^ scales with /. 
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From (|10f> one can derive the following momentum-area law for holostars, 
which resembles the Stefan-Boltzmann law for radiation from a black body: 



p(r)V/ = h 3 ir 2 (12) 

Note that this law not only refers to the holostar's surface (r = ru) but 
is valid for any concentric spherical surface of radius r within the holostar. 
Therefore it is reasonable to assume that the holostar has a well defined interior 
temperature T(r) proportional to the mean momentum p(r): 

p(r) = oT(r) (13) 

a is a constant factor. We will see later, that it is related to the entropy per 
particle. 

The local surface temperature of the holostar is given by: 

T(r h ) = ^- = — —— (14) 
The surface redshift z is given by: 



z = 1=, = = VffrrM = J— (15) 

where g tt (oo) = 1 is assumed. 

The local surface temperature can be compared to the Hawking temperature 
of a black hole. The Hawking temperature is measured at infinity. Therefore 
the red-shift of the radiation emitted from the holostar's surface with respect 
to an observer at spatial infinity has to be taken into account, by dividing the 
local temperature at the surface by the gravitational red shift factor z. With 
9rr(r h ) = r h 1 / 2 (fih)~ 1 / i we find: 

r_— *™ =^(<f)*A <i6) 



The surface-temperature measured at infinity has the same dependence on 
the gravitational radius as the Hawking temperature, which is given by: 

„ h h , _. 

T H = = (17) 

Airrn 8ttM V ' 

We get the remarkable result, that - up to a possibly different constant 
factor - the Hawking temperature of a spherically symmetric black hole and the 
respective temperature of the holostar at infinity are equal. 

As the Hawking temperature of a black hole only depends on the properties 
of the exterior space-time, and the exterior space-times of a black hole and 
the holostar are equal (up to a small Planck-sized region outside the horizon), 
it is reasonable to assume that the Hawking temperature should be the true 
temperature of a holostar measured at spatial infinity. With this assumption, 
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the constant a can be determined by setting the temperatures of equations l|16fl 
and (|TT|) equal: 



a = 



( 




(18) 



The total number of fcrmions within the holostar is given by the proper 
integral over the number-density: 



dV is the proper volume element, which can be read off from the metric: 



Sbh is the Bekenstein-Hawking entropy for a spherically symmetric black 
hole with horizon surface area A. 

Therefore the number of fermions within the holostar is proportional to 
its surface area and thus proportional to the Hawking entropy. This result is 
very much in agreement with the holographic principle, giving it quite a new 
and radical interpretation: The degrees of freedom of a highly relativistic self- 
gravitating object don't only "live on the surface", the object contains a definite 
number of particles 6 and their total number is proportional to the object's 
surface area, measured in units of the Planck-area, Api = h. This result is an 
immediate consequence of the interior metric g rr oc r, the energy- momentum 
relation for relativistic particles E — p and the exclusion principle. It can 
be easily shown, that for any other spherically symmetric metric, for example 
g rr oc r n , the number of interior (fcrmionic) particles is not proportional to the 
boundary area. 7 

From equation i|21|) we can see that a is the entropy per particle. This allows 
a rough estimate of /3: The entropy of an ultra-relativistic particle should be of 
order unity (er ss 3 — 4). If we count the degrees of freedom of all fermions in 
the Standard Model of particle physics (three generations of quarks and leptons 
including the spin, color and antiparticle degrees of freedom), their combined 

6 This is not true for the Einstein-Maxwell vacuum black hole solutions with event horizon. 
Due to the nature of the event horizon and its accompanying singularity the number and 
nature of the particles within a black hole - or rather gone into the black hole - is indefinite. 

7 Quite interestingly, the TV oc law can be derived quite similar to the derivation of 
the Chandrasekhar-limit for a white dwarf star, by assuming that the sum of "gravitational 
energy" E gra v oc Af/r and kinetic energy E^ irL oc Np has an extremum (in fact, a maximum!). 
However, for the determination of the "gravitational energy" of the star the proper radius 
r p = r (r/ro) 1 / 2 must be used instead of the radial coordinate r. 




(19) 




(20) 



Integration over the total interior volume of the holostar gives: 




(21) 
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number is 90. The number of bosonic degrees of freedom (8 gluons, 4 electro- 
weak particles) is 24, disregarding the graviton and assuming the W- and Z- 
bosons to be massless (above the energy of the electro-weak phase transition). 
With the usual counting rule 8 , weighting the fermionic degrees of freedom with 
7/8, one gets / = 102.75. Supersymmetry essentially doubles this number. 
It is expected, that a unified theory will not vastly exceed this number. For 
a = 3 and / = 256 we find Att(3 ~ 1.06. This justifies the assumption, that the 
fundamental length parameter should be roughly equal to the Planck-lcngth. 

By help of equation (fTHf> the local temperature can be expressed in terms of 
(3 alone: 

hi 1 1 h 

t M = tV^ = ^7^ (22) 

47rp4 r2 47T (r r) 2 

Note that (3 depends explicitly on the (effective) number of degrees of free- 
dom / of the ultra-relativistic particles within the holostar via equation (|18(1 . 
At the center of the holostar all the fermion momenta are comparable to the 
Planck energy, as can be seen from equation (1221) . All fermions of the Standard 
Model of particle physics will be ultra-relativistic. Quite likely there will be 
other fundamental particles of a grand unified theory (GUT), as well as other 
entities such as strings and branes. Thus, close to the holostar's center the num- 
ber of ultra-relativistic degrees of freedom will be at its maximum and (3 will be 
close to unity. The farther one is distanced from the center, the lower the local 
temperature gets. At r « 10 6 fcm the electrons will become non-relativistic. 9 
The only particles of the Standard Model that remain relativistic at larger ra- 
dial positions will be the neutrinos. If all neutrinos are massive, the mass of 
the lightest neutrino will define a characteristic radius of the holostar, beyond 
which there are no relativistic fermions contributing to the holostar's internal 
pressure. If at least one of the neutrinos is massless, there will be no limit to 
the spatial extension of a holostar. 

Note, that the radial coordinate position at which the holostar's interior 
radiation temperature is equal to the temperature of the cosmic microwave 
background radiation, Tcmbr = 2.725 K, corresponds to roughly r ~ 10 28 m w 
10 12 ly, i.e. quite close to the radius of the observable universe. This is just one 
of several coincidences, which point to the very real possibility, that the holostar 
or a variant thereof actually might serve as an alternative, beautifully simple 
model for the universe. For a more detailed discussion including some definite 
cosmological predictions, which arc all experimentally verified within an error 
of maximally 15 % see [7]. 

Whenever the temperature within the holostar becomes comparable to the 
mass of a particular fermion species, a phase transition is expected to take place 
at the respective r-position. Such a transition will lower the effective value of 

8 This rule is only true, when the chemical potential of fermions and bosons is zero. 

9 Note that r is not equal to the proper distance to the center. The proper distance scales 
with Tyjr/ro. At r ss 10 9 m the proper distance to the center is roughly 10 3t) m, i.e. already 
vastly exceeding the current (Hubble-) radius of the observable universe. 
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/, as one of the particles "freezes" out. 10 Whenever / changes, either a or (3 
must adjust due to equation <(TSJ). The question is, whether a or (3 (or both) will 
change. Presumably a will at least approximately retain a constant value: The 
entropy per ultra-relativistic fermion, as well as the mean particle momentum 
per temperature, appears to be a local property which should not depend on 
the (effective) number of degrees of freedom of the particles at a particular 
r-position. 

Under the assumption that a is nearly constant, the ratio of (3/ f must be 
nearly constant as well, as can be seen from equation (|18|l . Whenever / changes, 
(3 will adjust accordingly. Lowering the effective number of degrees of freedom 
leads to a flattening of the temperature-curve, as heat (and entropy) is trans- 
ferred to the remaining ultra-relativistic particles. At any radial position of a 
phase transition, where a fermion becomes non-relativistic and annihilates with 
its anti-particle, the temperature is expected to deviate from the expression 
T oc \j\fr. This is quite similar to what is believed to have happened in the 
very early universe, when the temperature fell below the electron-mass thresh- 
old and the subsequent annihilation of electron/positron pairs heated up the 
photon gas, keeping the temperature of the expanding universe nearly constant 
until all positrons were destroyed. 

If the " freeze-out" happens without significant heat and entropy transfer to 
the remaining gas of ultra-relativistic particles, such as when the particle that 
"freezes" out has an appreciable non-zero chemical potential, the effective value 
of / will remain nearly constant, which would imply that (3 be nearly constant 
as well. In this case (3 as well as / would be nearly constant universal quantities. 
There is evidence that this might actually be the case. 11 

4 Thermodynamics of an ultra-relativistic fermion 
and boson gas 

In this section I will discuss a somewhat more sophisticated model for the ther- 
modynamic properties of the holostar. 

As has been demonstrated in the previous section, if the holostar contains at 
least one fermionic species, its properties very much resemble the Schwarzschild 
vacuum black hole solution, when viewed from the outside: Due to Birkhoff's 
theorem the external gravitational field cannot be distinguished from that of a 
Schwarzschild black hole. Its temperature measured at infinity is proportional 
to the Hawking temperature. 

10 The effective value of / must not necessarily change much. If we have a matter-antimatter 
asymmetry and the chemical potential of the fermionic species that "freezes out" is non zero 
(and higher than the temperature), there is a chance that the effective value of / remains 
nearly constant: A significant part of the energy density of the frozen out degrees of freedom 
will "survive" in the fermion with the high chemical potential (a non-zero chemical potential 
"prefers" matter over antimatter - or vice versa - and thus forbids the complete annihilation 
of the fermionic species that is becoming non-relativistic). 

11 See the discussion in section El and the related discussions in 151 171 . 
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Due to its non-zero surface-temperature and entropy the holostar will grad- 
ually lose particles by emission from its surface. The (exterior) time scale of this 
process will be comparable to the Hawking evaporation time scale oc r? (see for 
example [7]). The (exterior) time for a photon to travel radially through the 
holostar is proportional to ri. Therefore even comparatively small holostars are 
expected to have an evaporation time several orders of magnitude longer than 
their interior relaxation time. 

This allows us, with the possible exception of near Planck-size holostars, to 
consider any spherical thin 12 shell within the holostar's interior to be in thermal 
equilibrium with its surroundings. Each shell can exchange particles, energy and 
entropy with adjacent shells on a time scale much shorter than the life-time of 
the holostar. Under these assumptions the thermodynamic parameters within 
each shell can be calculated via the grand canonical ensemble. 

We mentally partition the holostar into a collection of thin spherical shells. 
The temperature scales as 1/y/r and thus varies very slowly with r. For the 
chemical potential(s) let us assume a slowly varying function with r as well. 13 
This assumption will be justified later. Under these circumstances the thickness 
of each shell Sr can be chosen such, that it is large enough to be considered 
macroscopic, and at the same time small enough, so that the temperature, 
pressure and chemical potential(s) are effectively constant within the shell. 

An accurate thermodynamic description has to take into account a possi- 
ble potential energy of position. For the holostar a significant simplification 
arises from the fact, that the effective potential V e ff(r) for the radial motion of 
massless, i.e. ultra-relativistic, particles is nearly constant, as can be seen from 
the following discussion. The equations of motion for ultra-relativistic particles 
within the holostar's interior were given by [7|: 

ft(r) + V ef ,(r) = l (23) 

with 

Veff(r) = ^ (24) 

and 

#(»•) = j| (25) 

(3 r {r) is the radial velocity of a photon, expressed as fraction to the local 
velocity of light in the (purely) radial direction. f3±(r) is the tangential velocity 
of the photon, expressed as a fraction to the local velocity of light in the (purely) 

12 With "thin" in the present context we mean small compared to the radial coordinate value 
r at a particular position. Note however, that even if 8r is small, the proper radial thickness 
of a "thin" shell with radial extension 8r can be huge, because the radial metric coefficient 
g rr scales with t/tq. 

13 Two natural choices present themselves: One is to to assume a constant, possibly zero, 
chemical potential. The other is to assume a chemical potential proportional to the tempera- 
ture. 
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tangential direction, is the turning point of the motion. For pure radial 
motion Ti = 0. 

We find that for pure radial motion the effective potential is constant with 
V e ff(r) — 0. In the case of angular motion (r, ^ 0) the effective potential 
approaches zero with 1/r 3 , i.e. becomes nearly zero very rapidly, whenever 
r is greater than a few r^. Therefore, to a very good approximation we can 
regard the ultra-relativistic particles to move freely within each shell. Their 
total energy will only depend on the relativistic energy-momentum relation, not 
on the radial position. 

With these preliminaries the grand canonical potential S J of a small spherical 
shell of thickness Sr for a gas of relativistic fermions at radial position r will be 
given by: 

SJ(r) = -T{r)jJ—8V J J J d 3 p\n (1 + eT^wr) 

n4tl? / f „2 - 



2tt 2 ^ 3 J Zmin ' 

z = p/T(r) is a dimensionless integration variable. Assuming that we have a 
low and high energy cut-off, the integration over p ranges from p m i n w %/ (27rr) 
to Pmax ~ Ppi = Vfr- 14 jtt(r) is the chemical potential at radial coordinate 
position r. T(r) is the local temperature at this position, ppl is the Planck- 
momentum, which is equal to the Planck-energy in units c = 1 . 

Note that even when the radial coordinate extension Sr of the shell is small, 
the proper radial extension SI — (r/roY^Sr of the shell will become quite large 
because of the large value of the radial metric coefficient in the holostar's outer 
regions. 

Knowing the results presented at the end of this section it is not difficult 
to show that z min sa 1/N 1 ^ 4 and z max w iV 1 / 4 , where N is the number of 
particles in the shell. With the exception of the central region of the holostar 
it is possible to choose the radial extension of the shell such that the number of 
particles within the shell, N, is macroscopic and at the same time T(r) and /i(r) 
are constant to a very good approximation within the shell. For any holostar 
of macroscopic dimensions the number of particles in its non-central shells will 
be huge. Therefore the integration boundaries can be replaced to an excellent 
approximation by zero and infinity. 



SJ(r) = -T 4 5Vj^ I z 2 \n(l + e- z+ r)dz (26) 



o 



The proper volume of the shell SV is given by the volume element of equation 

(2JJ . 

14 We will see later, that these integration ranges can be replaced by and oo to an excellent 
approximation, so the question, whether there truly is a low and/or high energy cutoff, as 
suggested by loop quantum gravity, or whether there is no such cut-off, as advocated by 
string-theory, is not relevant. 
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The ratio of chemical potential /i to local temperature T is assumed to be 
a very slowly varying function of r. In fact, we will sec later that this ratio is 
virtually independent of r. 15 The ratio fi/T will be denoted by u, keeping in 
mind that u might depend on r: 

T(r) 

The integral in equation i|26|) can be transformed to the following integral 
by a partial integration: 

SJ(r) = -T 4 5V^^- z 3 n F (z,u)dz (27) 
2ir 2 h 3 J 

where n F is the mean occupancy number of the fermions: 

n F (z, u) = = (28) 

e +i e T + 1 

Knowing the grand canonical potential 5 J the entropy within the shell can 
be calculated: 

SS(r) = = -r-zT*6V (U Ft3 (u) - uZ F , 2 {u)) (29) 



dT 27r 2 ^ 3 V3 
By Zp.n the following integrals are denoted: 

/>OC 

ZF,n( u ) = / z n np(z 1 u)dz (30) 
Jo 

Such integrals, which commonly occur in the evaluation of Feynman-integrals 
in QFT, can be evaluated by the poly- logarithmic function Li n (z): 

Z F , n (u) = -r(n+l)Li n+1 (-e u ) (31) 

with n + 1 > and 

= E F ( 32 ) 
fc=i 

For the derivation of the entropy the following identity has been used, which 
is easy to derive from the power-expansion of Li n (z). 

— to— =^(«)^ 03) 
The pressure in the shell is given by: 



15 This might not be exactly true at the radial coordinate position, where a phase transition 
takes place. I.e. where a particle species undergoes a transition from relativistic to non- 
rclativistic motion. 
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P (r ) = -^1 = J T ±±±^> (34) 



d(5V) 2iT 2 h 3 3 

The total energy in the shell can be calculated from the grand canonical 
potential via: 



3 / ^ 



«5(r) — 5J ~ (T— +I1 —)6J= -±^THVZ F ^(u) (35) 
The total number of particles within the shell is given by: 



SN(r) = _^L> = J T s SVZFt2 (u) (36) 



WJ) = _L 

OfjL 2TT 2 h 3 

The total energy per fermion within the shell is proportional to T, as can be 
seen by combining equations i|35l I36|) : 



e=§ = f^T(r) (37) 
oN Zf,2\ u ) 

e only depends indirectly on r via u. We will see later that u is essentially 
independent of r, so that the mean energy per particle is proportional to the 
temperature with nearly the same constant of proportionality at any radial 
position r. 

The entropy per particle within the shell can be read off from equations l|29l 

SS 4 Z f|3 («) 
a= SN = 3Z F Mu)- U (38) 

Again, a only depends on r via u. 

The calculations so far have been carried through for fermions. It is likely 
that the holostar will also contain bosons in thermal equilibrium with the 
fermions. The equations for an ultra-relativistic boson gas are quite similar 
to the above equations for a fermion gas. We have to replace: 

n F (z, u) -> n B {z, u) = ^ l _ - (39) 



Zp. n — > Z B , n — I z n n B {z,u)dz (40) 

with n + 1 > and 



Jo 



Z Btn =T(n + l)Li n+1 (e u ) (41) 

Let us assume that the fermion and boson gases are only weakly interacting. 
In such a case the extrinsic quantities, such as energy and entropy, can be simply 
summed up. The same applies for the partial pressures. 

The number of degrees of freedom of fermions and bosons can differ. The 
fcrmionic degrees of freedom will be denoted by f F , the bosonic degrees of 
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freedom by /g. In general, the different particle species will have different 
values for the chemical potentials. There are some restraints. Bosons cannot 
have a positive chemical potential, as ZB, n (u) is a complex number for positive 
u. Photons and gravitons, in fact all massless gauge-bosons, have a chemical 
potential of zero, as they can be created and destroyed without being restrained 
by a particle-number conservation law. 

We are however talking of a gas of ultra-relativistic particles. In this case 
particle-antiparticle pair production will take place abundantly, so that we also 
have to consider the antiparticles. The chemical potentials of particle and anti- 
particle add up to zero: /i + ~p = 0. As bosons cannot have a positive chemical 
potential, the chemical potential of any ultra-relativistic bosonic species must 
be zero, i.e. [Ib = ~Wb — 0, whenever the energy is high enough to create 
boson/anti-boson pairs. This restriction does not apply to the fermions, which 
can have a non-zero chemical potential at ultra-relativistic energies, as both 
signs of the chemical potential are allowed. So for ultra-relativistic fermions we 
can fulfill the relation [ip + JTp — with non-zero \±f- 

For the following calculations it is convenient to use the ratio of the chemical 
potential to the temperature u = fi/T as the relevant parameter, instead of the 
chemical potential itself . If the number of degrees of freedom of fermions and 
bosons respectively, i.e. fp and fs is known, there are only two undetermined 
parameters in the model, uf and (3. 16 

In order to determine uf and (3 one needs two independent relations. These 
can be obtained by comparing the holostar temperature and entropy to the 
Hawking temperature and entropies respectively. 

Alternatively u f can be determined without reference to the Hawking tem- 
perature law, solely by a thermodynamic argument. It is also possible to deter- 
mine P by a theoretical argument as proposed in [S]. 

The thermodynamic energy of a shell consisting of an ultra-relativistic ideal 
fermion and boson gas is given by: 



5E th = -I^SVT 4 (42) 



with 



F E (u F ) = fF(Z F , 3 (u F ) + Zf, 3 (-uf)) + 2f B Z Bt3 (0) (43) 

with the identities of the polylog-function and with Zb, 3(0) = 7r 4 /15 one 
can express Fp as a quadratic function of up /n 2 [5] : 

We take the convention here, that /f and /b denote the degrees of freedom 
of one particle species, including particle and antiparticlc. With this convention 

le More generally, if the chemical potentials of the different particle species are different, one 
needs n-1 additional functional relations between the n independent chemical potentials. 
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a photon gas (g = 2) is described by fg = 1 (There are two photon degrees of 
freedom and the photon is its own anti-particle). All other particle character- 
istics, such as helicities, are counted extra. The total number of the degrees of 
freedom in the gas, i.e. counting particles and anti-particles separately, will be 
given by 

/ - 2(f F + f B ) (45) 

The total energy of the holostar solution is given by the proper integral over 
the mass density. The proper energy of the shell therefore is: 

SE BH = p 5V = — = -((3h)-irhr (46) 
airr z 2 

Setting the two energies equal gives the local temperature within the holostar: 

T 4 = (47) 

Thus we recover the l/-\/r-dependence of the local temperature, at least if 
Fe is constant. 

Fe is a function of fp, Jb and up- We will see later, that uf only depends 
on the ratio of Jf and fs ■ Therefore in any range of r- values where the number 
of degrees of freedom of the ultra-relativistic particles (or rather their ratio) 
doesn't change, the local temperature as determined by equation l|47l) will not 
deviate from an inverse square root law. 

If the temperature of equation (|47|l is inserted into equation (|34|l , the ther- 
modynamic pressure is derived as follows: 

P(r) = — = t 
K ' 247rr 2 3 

This is the equation of state for an ultra-relativistic gas, as expected. Note, 
that the pressure doesn't exactly agree with the pressure of the holostar solu- 
tion, although it is encouraging that the thermodynamic pressure at least has 
the right magnitude and r-dependence. In fact, the magnitude of the thermody- 
namic pressure is quite what is expected, when one takes into account that the 
thermodynamic derivation above is ignorant of the pressure anisotropy, treat- 
ing all volume changes on an equal footing, independent of the direction of the 
change: Within the holostar the two tangential pressure components are zero, 
whereas the radial pressure is equal to — l/(87rr 2 ). Therefore the "averaged" 
pressure over all three spatial dimensions is — l/(247rr 2 ). 

However, the thermodynamic pressure and the holostar pressure have oppo- 
site signs. This discrepancy cannot be resolved in the simple model discussed 
in this paper. This is not totally unexpected: The holostar is a string solution. 
Yet the thermodynamic model discussed in this paper assumes that the interior 
matter consists exclusively out of radiation. While it is likely that the interior 
matter will contain a significant radiation contribution at high temperatures, 
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it is unrealistic to assume that the dominant matter-type in the holographic 
solution - strings - is completely absent. 17 

Note also, that for the derivation of the main results of this paper, the 
particular form of the pressure is not essential, as was pointed out in section 
[21 Hopefully a satisfactory explanation for the discrepancy can be found in the 
future. A full explanation most likely will require a better understanding of the 
"string-nature" of matter not only at high, but also at low energies. 

Another approach to resolve the problem is to replace the holostar-solution 
with a somewhat more general, yet similar solution to the field equations. 
For example, the equation of state could be modified (slightly), such as P r = 
(—1 + S(r))p. Even with S(r) = const one gets a significant tangential pressure 
component, as can be seen in Other modifications are thinkable. Yet one 
should be reluctant to modify the condition g rr = r/ro, as the results presented 
in this paper rely crucially on this condition. 



4.1 Comparing the holostar's thermodynamic tempera- 
ture and entropy to the Hawking result 

By inserting the temperature derived in equation (|47|l into equation (|29[) we get 
the following expression for the thermodynamic entropy within the shell: 

with 



F s (u F ) = If ^-{Z f , 3 (u f )} - u F [Z F:2 (u F )]j + 2/ B - (Zb, 3 (0)) (49) 

We have used commutator [] and anti-commutator {} notation in order to 
render the above relation somewhat more compact. 

Using the identities for the polylog function it is possible to express the 
above relation as a quadratic function of the variable u F /ir 2 . 

F s = zMuF)-fF Y ^(l + ^) (50) 
with Fe is given by equation (|44|l 

By comparing the temperature 147(1 and the entropy H48|l of the holostar 
solution derived in the context of our simple model to the Hawking entropy and 

17 The inverse reasoning, that all matter in the holostar solution must be strings due to the 
interior string equation of state is incorrect. It is easy to construct the stress-energy tensor 
of a string gas by superposition of the stress-energy tensor for "normal" radiation and an 
equal vacuum contribution. Furthermore one can construct the interior stress-energy tensor 
of the holostar solution by superimposing the stress-energy tensor for a spherically symmetric 
charge-distribution with a vacuum contribution. See |5] or |5] for more details. 
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temperature, two important relations involving the two unknown parameters of 
the model u F and (3 can be obtained. 

We have already seen in section |3| that the holostar's temperature at infin- 
ity is proportional to the Hawking temperature. As can be seen from equation 
H47|) this general result remains unchanged in the more sophisticated thermo- 
dynamic analysis, as long as the quantity F F {u F , f F , Jb) can be considered to 
be nearly constant. We will see later, that the value of u F only depends on 
the ratio /b//f, so that F F = const whenever the number of fermionic and 
bosonic degrees of freedom don't change. In order to determine F F we can 
set the temperature at the holostar's surface equal to the blue shifted Hawking 
temperature at the holostar's surface, which can be obtained by multiplying 
the Hawking temperature (at infinity) with the red-shift factor z of the surface 
given in Eq. i(l"5|) . We find: 

Ti A r 2 h 3 
T 4 =T 4 7 4 = h - C^l 1 

BH 2»7T 4 r h 4 ' (3h 2^ 4 (3r h 2 1 ' 

Comparing this to equation l|47|l we find: 

S = <2 ' )4 (52) 

This is an important result. It relates the fundamental area Airr^ — Air (3% 
to the thermodynamic parameters of the system, i.e. the number of degrees of 
freedom and the chemical potential of the fermions. 

Another important relation is the ratio F$ / F F in the interior holostar space- 
time, which can be obtained by comparing the Hawking entropy of a black hole 
with thermodynamic entropy of the holostar's interior constituent matter. 

The entropy of the holostar can be calculated by integrating equation (|48|) . 
We will assume that Fe/(3 = const, as follows from equation Q52p. and that 
Fs/Fe = const, which will be justified shortly. If this is the case, the integral 
can be performed easily: 



with 



A = Aitr, 



2 



Setting this equal to the Hawking entropy, Sbh — A/(AK), and using equa- 
tion l]o'2ll we find the important result: 

s - 1 ,54) 

Writing out the above equation we get: 



f_F (l{Z F , 3 (u F )} - u F [Z Fi2 (u F )]) + 2/g (IZb, 3 (0)) 
f F {Z F , 3 (u F )} + 2f B Z B , 3 (0) 



= 1 (55) 
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which can be simplified to 



u F [Z F . 2 (u F )} _ 1 ^ 6 



{Z F , 3 (u F )} + 2jfZ B , 3 (0) 3 



Using the identities for the polylog function one can reduce the above equa- 
tion to a very simple quadratic equation in the variable u F /ir 2 : 



IF 



(57) 



The important message, which can be seen already from equation 1)56(1 is, 
that whenever the bosonic and fermionic degrees of freedom - or rather their 
ratio /b//f - is known, uf can be calculated. Knowing uf, P can be deter- 
mined via l|52l) . Thus the two relations l|52l I54f) allow us to determine all free 
parameters of the model, whenever the number of particle degrees of freedom, 
Jf and /b are known. 



4.2 An alternative derivation of the relation Fs/Fe = 1 

Before discussing the specifics of the thermodynamic model, I would like to point 
out another derivation of equation (|54|l . which does not depend on the Hawking 
result. This alternative derivation only depends on the following fundamental 
thermodynamic relation 

|fr=i (58) 

and on the fact, that the holostar's interior matter state is completely rigid, 
i.e. the interior matter state at any particular radial position depends only on 
r, but not on the overall size of the holostar. 

Consider a process, where an infinitesimally small spherical shell of matter 
is added to the outer surface of the holostar. This process doesn't affect the 
inner matter of the holostar, as the interior matter-state of the holostar at a 
given radial coordinated position r does not depend in any way on the size 
of the holostar or on any other global quantity. Therefore, when adding a 
new layer of matter we don't have to consider any interaction, such as heat- 
, energy- or entropy-transfer between the newly added matter layer and the 
interior matter. 18 It is an adiabatic process, for which we can calculate the 
entropy-change of the whole system via equation l|58|) . Let r be the radial 
position of the holostar's surface. The entropy of the newly added shell is given 
by equation f4"%|l . its energy by equation l|4l))l. and its temperature by equation 

18 This statement implicitly assumes, that we can neglect the effect of the boundary mem- 
brane, which might be an oversimplification. When we place a new layer of matter with 
radial extension dr at the former boundary r of the holostar, the boundary membrane moves 
throughout the newly added layer to its new position at r + dr. It is not altogether clear, 
whether this process is adiabatic. However, in section ITsl arguments are given, that the mem- 
brane has zero entropy, so that the assumption, that the different initial and final states of the 
membrane have no effect on the thermodynamics of the process, seems not too far fetched. 
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I|47|) . One finds that the thermodynamic relation 158fl is only fulfilled, when 
Fs = Fe- We have derived equation (|54|> only from thermodynamics. 



4.3 A closed formula for up and some special cases 

The chemical potential per temperature uf can be determined by finding the 
root of equation lj57|l . The value of uf depends only on the ratio of fermionic to 
bosonic degrees of freedom. 19 . Let us denote the ratio of the degrees of freedom 

by 

r f = tf- (59) 

JF 

Then up is given by: 



2/2, s 1 



-f-j^l + :(„-!, -J (60) 
For rt = (only fermions) we find the following result: 

UF=7TS j{^h~ \ = L34416 ( 61 ) 
For Tf = 1 (equal number of fermions and bosons) we get: 

up = —j= = 1.8138 (62) 
v3 

From equation (|60|l one can see that iif is a monotonically increasing func- 
tion of Tf. It attains its minimum value, when there are no bosonic degrees 
of freedom, i.e. fg = rf = 0. When the bosonic degrees of freedom vastly 
exceed the fermionic degrees of freedom, up can - in principle - attain high val- 
ues. For large rf we have up <x (r/ — l) 1 / 4 . For all practical purposes one can 
assume that the number of bosonic degrees of freedom is not very much higher 
than the number of fermionic degrees of freedom. This places uf in the range 
1.34 < up < 3. 

It is important to notice, that equation i|56|) only has a solution when the 
number of fermionic degrees of freedom, fp, is non-zero, whereas fg can take 
arbitrary values for any non-zero fp . Therefore at least one fermionic (massless) 
particle species with a non- vanishing chemical potential proportional to the local 
radiation temperature is necessary, if the interior mass-energy-density l/(8irr 2 ) 
of the holostar is to be in thermodynamic equilibrium. 

19 and on the constant ratio Fs/Fe, which has been shown to be unity for the interior 
holostar solution 
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4.4 Thermodynamic relations, which are independent from 
the Hawking formula 

If up is known, all thermodynamic quantities of the model, such as Fp(up) 
and Fn(uf) etc. can be evaluated. Note that in order to determine up we 
only needed the relation Fp — Fs, whose derivation didn't require the Hawking 
temperature/entropy relation. Yet in order to fix /3 via equation l|52l) we had to 
compare the holostar's temperature (or entropy) to the Hawking-result. There- 
fore the particular relation between (3 and Fp derived in equation l|52l) is tied 
to the the validity of the Hawking temperature formula. 

Although there is no doubt that the Hawking temperature of a large black 
hole must be inverse proportional to its mass 20 , the exact numerical factor has 
not yet been determined experimentally and thus might be questioned. For 
example, the Hawking entropy/temperature could be subject to a moderate 
rescaling 21 , so it is worthwhile to know what thermodynamic relations in the 
interior holostar space-time are independent from the Hawking formula. The 
following derivations only make use of equation (|54|l . i.e. Fp — Fs- 

Knowing up from equation IjtjUfl the entropy per particle, c, can be easily 
calculated by equations (|29l I36fl : 

6S Fs Fe fx* 
a = 7^7 = -EC. = "FT- (63) 



SN F N F N 



with 



F N {u F ) = f F (Z Ft2 (u F ) + Z F . 2 {-u F )) + 2f B Z Ba {0) (64) 

The energy per relativistic particle is given by equations l|42l I70|) . We find, 
just as in the previous section, that the mean particle energy per temperature 
is constant 22 and equal to the mean entropy per particle: 

SE Fp 

a only depends on the number of degrees of freedom of the ultra-relativistic 
bosons and fermions in the model. In fact, a only depends on the ratio rj — 
Ib /If and is a very slowly varying function of this ratio. Figure ^ shows the 
dependence of a on r/. In section [S] the values of the entropy per particle cr, 
the ratio of chemical potential to temperature of the fermions up, and other 

20 This already follows from the Bekenstein-argument, that the entropy of a black hole should 
be proportional to the surface of its event horizon. 

21 There are two possible effects which could influence the value 4h in the denominator of 
the Hawking entropy-area formula S = A/(4h). First 4h is a "fundamental area". Its value 
depends on Newton's constant. It has been speculated, that Newton's constant might undergo 
a (finite) renormalization depending on the energy scale. Second, the holostar's membrane 
isn't situated at the gravitational radius of the holostar, but roughly a Planck coordinate 
distance outside. Therefore the holostar's temperature at infinity might be slightly lower (and 
its entropy higher) than the Hawking result, which assumes an exterior vacuum space-time 
right up to the horizon. The second effect should be quite negligible for large holostars. 

22 at least as long as fp and fs remain constant 
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ratio of bosonic to fermionic degrees of freedom r f = f B / f F 



Figure 1: mean entropy per particle of the ultra-relativistic fermions in the 
holographic solution as a function of the ratio of bosonic to fermionic degrees 
of freedom r/ = /b//f 



interesting thermodynamic parameters are tabulated for several values of fp 
and f B . 

The relation e = erT, which relates the mean energy per particle to the mean 
entropy times the local radiation temperature can be viewed as the fundamental 
thermodynamic characteristic of the holostar. Keep in mind that this relation is 
only valid for the mean energy per particle and the mean entropy per particle, 
evaluated with respect to all particles. It isn't fulfilled for the bosonic and 
fermionic species individually. In general, except for the special case fs = 0, 
we have ep ^ cpT and ep ^ opT . 

The relation e = crT, which is equivalent to Fg — Fp, has the remarkable 
side-effect, that the free energy is identical zero in the holostar solution: 

F = E — ST = N(e — aT) = (66) 

Usually a closed system has the tendency to minimize it's free energy, which 
is a compromise between minimizing it's energy and maximizing it's entropy. 
The holostar is the prototype of a closed system. It is a self-gravitating static 
solution to the Einstein field equations. It's only form of energy-exchange with 
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the outer world is through Hawking-radiation, which is an utterly negligible 
mode of energy-exchange for a large holostar. In this respect it is remarkable 
that the holostar solution minimizes the free energy to zero, e.g. the smallest 
possible value that a sensible measure of energy in general relativity can have 23 . 
One can speculate on the basis of this result, whether the free energy in general 
relativity might be more than a mere book-keeping device. 

With the help of equation Q54[l. but not using equation l|52[l. the entropy 
within the shell can be expressed as: 

If the total entropy of the holostar, i.e. the integral over the entropy- 
contributions of the respective shells, is to be proportional to the Hawking 
entropy of a black hole with the same gravitational radius, Fe / P must be con- 
stant. Integration of equation (|67|l gives the result: 

The Hawking result is reproduced, whenever: 

■"-sKs?)'-' <69) 

ui, which depends on the ratio Fe/ (i, is the constant of proportionality be- 
tween the holostar entropy and the Hawking entropy. Setting lu = 1 is equivalent 
to equation (|52|l . which fixes f3 with respect to the Hawking temperature. If the 
Hawking entropy/temperature formula have to be rescaled, to is nothing else 
than the (nearly constant) scale factor. Therefore let us express all thermody- 
namic relations in terms of to. 

The number of particles within the shell is given by equation l|36|l . which is 
extended to encompass the bosonic degrees of freedom: 

SN(r) = !fo (p*)*!* = 2*e£ ( 70) 

^ ' F E \Anf3 / hah v ' 

The total number of particles is given by a simple integration, assuming that 
U) = const: 

N=(^-f± 1 -± = ^ (71) 
V4tt/3 / 2tt a Ah a Ah K ' 

Therefore, as derived in the previous section, the total number of particles 
within the holostar is proportional to its surface area, whenever Fe / P = const 
and a — const. 

The temperature of the holostar at infinity is given by 

23 In general relativity the total energy is always positive 
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Again, if we set u> = 1 we get the Hawking temperature. The important 
result is, that u) could in principle take on any arbitrary (nearly constant) value. 
This is possible, because the factor in the temperature is just the inverse as the 
factor in the entropy. As is well known from black hole physics, any constant 
rescaling of the Hawking entropy must necessarily rescale the temperature such, 
that the product of temperature and entropy is equal for the scaled and unsealed 
quantities, i.e. ST must be unaffected by the rescaling. This is necessary, 
because otherwise the thermodynamic identity 



would not be fulfilled in the exterior space-time. (In the exterior space-time 
the energy E is fixed and is taken to be the gravitating mass M = rh/2 of the 
black hole.) 

As can be seen from equations ()68l 172(1 , entropy and temperature at infinity 
of the holostar fulfill the rescaling condition. Furthermore, entropy and tem- 
perature at infinity are exactly proportional to the Hawking temperature and 
entropy. This result is not trivial. It depends on the holostar metric, which has 
just the right value at the position of the membrane, so that the temperature 
at infinity scales correctly with respect to the entropy. 

4.5 Relating the local thermodynamic temperature to the 
Hawking temperature 

Now we are ready to set u) = 1, which gives us the desired relation between (3 
and Fe, as already expressed in equation (l52|l . 

With u> = 1 , the local thermodynamic temperature of any interior shell can 
be expressed solely in terms of (3. It turns out to be equal to the expression in 
equation (|22|l of the previous section: 



5 A measurement of the Hawking temperature 

In the previous section the internal temperature of the holostar has been derived 
by "fixing" it with respect to the Hawking temperature. Although Hawking's 
calculations are robust and there appears to be no reason, why the Hawking 



h 3 l 

(47r) 4 /3r 2 



(73) 



or 
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equation should be modified - at least for large black holes 24 - it has been specu- 
lated whether the factor in the entropy-area law (or in the temperature formula) 
might take a different value. A single measurement of the Hawking tempera- 
ture (or entropy) of a large black hole could settle the question. However, with 
no black hole available in our immediate vicinity and taking into account the 
extremely low temperatures of even comparatively small black holes, there ap- 
peared to be no feasible means to measure the Hawking entropy or temperature 
of a black hole directly or indirectly. 

It would be of high theoretical value, if the Hawking temperature/entropy 
formula could be verified (or falsified) by an explicit measurement. The holostar 
provides such a means. 

For this purpose let us assume, that the Hawking temperature formula were 
modified by a constant factor, i.e 

T=-^- (74) 
us Airr 

where w is a dimensionless factor, whose value can be determined experi- 
mentally. 

If we set the temperature of the holostar equal to the modified Hawking 
temperature we get the following result for Fe- 

|| = (W (75) 
The local temperature within the holostar is then given by equation l|47|) : 

T 4_ ft 3 _ l h 3 

p = 1/(87tt 2 ) is the total (local) energy density of the matter within the 
holostar. The above equation can be solved for u: 

The local radiation temperature T and the total local energy density p within 
a holostar are both accessible to measurement. Note that the local temperature 
within a holostar is much easier to measure than its (Hawking) temperature at 
infinity: The local interior temperature only scales with l/\/M, whereas the 
temperature at infinity scales with 1/M. Therefore even a very large holostar 
will have an appreciable interior local radiation temperature, although its Hawk- 
ing temperature at infinity will be unmeasurable by all practical means. 

In order to determine oj the value of (3 need to be known. In [5] the following 
formula for j3 has been suggested: 

24 The only ingredient in Hawking's derivation is the propagation of a quantum field in the 
exterior vacuum space-time of a black hole. Both concepts (quantum field in vacuum; exterior 
space-time of a black hole) are very accurately understood. 
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a is the running value of the fine-structure constant, which depends on the 
local energy scale. Note that the above relation for f3 has not been derived 
rigorously in jo], but was suggested by analogy, i.e. by extrapolating the (ex- 
act) formula derived for an extremely charged holostar to the rotating case. 
Angular momentum was introduced in rather straightforward way, giving the 
correct formula for a Kerr-Newman black hole in the macroscopic limit and the 
correct formula for the non- rotating case (J = 0). The extrapolation formula 
then was applied to a microscopic object, a spin-1/2 extremely charged holostar 
of minimal mass, in order to obtain equation (|78|l . One must keep in mind 
though, that in principle there are several different choices, which give the cor- 
rect macroscopic limit, but which might differ in their microscopic predictions. 

We wan't to apply equation Ij78(l in order to derive the value of ro which 
determines the interior radial metric coefficient of a large holostar, g rr = ro/r. 
The implicit assumption which lies at the heart of equation l|78|) , is that Tq = (3fr 
is a universal quantity, not dependent on the nature of the system in question 
and only - moderately - dependent on the energy-scale. It requires quite a 
leap of faith to do this. However, this assumption will be - at least partly 
- theoretically justified by the discussion in section [5| and is backed by some 
experimental evidence, as will be shown in the same section. 

If we assume r$ = (3% to be universal, it is not quite clear how the value of a 
should be interpreted when the local energy-densities and temperatures are high. 
In the original " derivation" of equation H78J) a referred to the value of the fine- 
structure constant for a single charged spin-1/2 minimal mass holostar, which 
was identified with an electron at rest. The original " derivation" therefore refers 
to a low-energy situation, where the electromagnetic field is the only long-range 
field besides gravity. 

Due to the appearance of a in the formula for Tq it is suggestive to interpret 
ro as a running length scale, which depends on the energy E via a(E). This 
means that for high temperatures ro is expected to increase with energy as a 
function of a(E). This makes sense, because we have already seen, that r§ 
is proportional to the effective degrees of freedom, which are also known to 
increase at high energies. Therefore, if we treat r§ as a universal quantity, the 
only sensible way is to interpret a as the running value of the relevant coupling 
constants depending on the energy scale. Whenever the energy scale becomes 
comparable to the strong interaction scale or the electro-weak unification scale, 
the other coupling constants have to be properly accounted for. 

With this interpretation, whenever a is small, such as for the typical energies 
encountered today, it can be set to zero in the above equation to a very good 
approximation, so that (3 ~ 4-^/3/4. 

Let us now make the assumption, that we live in a large holostar. In [7] 
several observational facts have been accumulated which suggest that such a 
claim is not too far fetched. Then the local radiation temperature will be nothing 



26 



else than the microwave-background temperature and the total (local) energy 
density will be the total matter density of the universe at the present time (= 
present radial position). Both quantities have been determined quite precisely in 
the recent past. With the following value for the temperature of the microwave 
background radiation 

Tcmbr = 2.725K 

and with the total matter density determined from the recent WMAP- 
measurements 

p = 0.26p c = 2.465 -lCr 27 -^ 

ui 

and with (3 determined from equation l|78|) using the present (low energy) 
value of the fine-structure constant, a, 

P = 3.479 

we find: 

lu 4 = 1.0116 (79) 

or 

lu = 1.003 

If we set the fine-structure constant to zero, i.e. (3 — 4-^/3/4, the agreement 
is almost as good: ui — 1.004. The very high accuracy suggested in the above 
results is somewhat deceptive. With T known to roughly 0.1% the error in u> 
will be dominated by the uncertainty in p. A conservative estimate for this 
uncertainty should be roughly 5%. Taking the fourth square root suppresses 
the relative error by roughly a factor of four, so that the error in u> will be 
roughly 1%. Therefore, within the uncertainties of the determination of p and 
T the Hawking-entropy formula is reproduced to a remarkably high degree of 
accuracy of roughly 1%. 

6 A scale invariant reformulation for the Hawk- 
ing entropy 

In this section I briefly discuss some implications of a (moderate) rescaling of 
the gravitational constant G at high energies, i.e. whether the formula for the 
entropy, particle number, local temperature and temperature at infinity derived 
in the last sections are invariant under a rescaling of G, or if they can be 
reformulated in an invariant manner. 

Before I do this, let me clarify my own position on this issue. If one believes in 
the field equations of general relativity, which are independent from a particular 
energy scale, then one cannot possibly come to think that G should be an 



27 



energy-dependent quantity. Much of the beautiful geometric interpretation of 
the field equations were lost, if G were variable. In effect, a variable G would 
completely change the internal structure of the theory. The constancy of G is an 
essential requirement in the Einstein equations. Yet these equations have only 
been verified at low energies. There is a common understanding, that at high 
energies the field equations might have to be modified. The best suited candidate 
theory for such a modification is string-theory. Does string-theory require G to 
be running? I doesn't necessarily appear so. G, or rather a combination of G 
and the other constants (c, K) with the dimension of length is needed to define 
the dimcnsionless string coupling. Yet many string-theorists tend to view the 
string-coupling as a quantity that does not run. As long as there is no hard 
theoretical evidence for a running G, I prefer the purist position, that G is a 
true constant of nature, as the other two constants c and ft. 

Yet there is no proof for this position, so it is instructive to reflect on the 
possible implications that a running G might have. 

The notation that was used so far is somewhat inconvenient for the purpose 
of this section, because G = 1 was assumed in the previous sections. It is not 
difficult to re-introduce G. Any occurrence of ft has to be replaced by ftG and 
enough powers of ft have to be inserted into the equations, so that the dimensions 
come out correct. The convention c = 1 will be retained, i.e. length and time 
are interchangeable. G then has dimensions [m/kg], i.e. allows us to express 
any mass as a length and vice versa. ft is complementary to G. Its dimensions 
are [to kg] , so that via ft any length can be expressed as an inverse mass (or 
energy) and vice versa. 25 

In contrast to G, which might behave like a running coupling constant, c 
should be thought of as a true constants of nature, independent of the energies 
of the respective interactions. 26 ft also should be viewed as a true constant of 
nature, independent of the energy scale. 27 

From G and ft, two important combinations can be formed. In units c = 1 the 
quantity ftG has the dimensions of area, i.e. can be considered as a fundamental 
area. Furthermore the quantity ft 2 /{ftG) = ft/G has dimensions of energy (or 
mass) squared, so that ftG can alternatively be regarded as an inverse energy 
squared. 28 

25 There appears to be some sort of duality between h and G: In a certain sense h and G 
are complimentary with respect to transforming a length- into an energy scale. Whereas h 
transforms length into inverse energy, G transforms length into energy directly. 

26 The constancy of c is linked to one of the most important space-time symmetries, i.e. 
Lorcntz-invariancc, which is one of the basic building blocks of classical and quantum physics. 
Nobody should give up Lorcntz-invariancc lightly. 

27 h arises from rotational symmetry which dictates the quantization of angular momentum 
in half-integer steps of h. If h were variable, we would have a severe problem with the 
conservation law for angular momentum. 

28 Note that the cross-sectional area a of the high energy interactions between particles in 
the standard model follows an inverse square law in the energy, i.e. a oc h 2 /E 2 when the rest- 
masses of the particles are negligible. The cross-sectional area of a black hole (or holostar), 
however, scales with E 2 , so there is some sort of duality as well. This has some resemblance 
to string theory, where the winding modes and the vibrational modes also have a different 
(proportional vs. inverse proportional) dependencies on the radius of the circular dimension. 
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The equations derived in the previous section depend on the value of the 
gravitational constant G, which enters into the definition of the fundamental 
area K — > HG/c 3 . The formula are not necessarily invariant under a rescaling 
of G. For example, the entropy is given by S = A/{A%G). Whenever the 
value of G is modified, the entropy of the system changes due to the change in 
the fundamental area (unless the measurement process of the area A somehow 
compensates the change in G). As long as G is constant there is no problem. 
But if G behaves similar to the coupling constants in gauge-theories, it might 
be subject to a (moderate) rescaling at high energies. 29 

Assuming that G might vary can regarded as a new type of symmetry. Why 
should G be considered as variable? Obviously G has a definite value, at least 
at the typical energy scales encountered today. On the other hand, in the purely 
classical sector of general relativity, i.e. if we disregard quantum effects (such 
as the discreteness of the geometry and the existence of a fundamental area and 
fundamental particles), the gravitational constant G is just a convention which 
depends on the chosen length or time scale. If macroscopic classical general 
relativity is to be truly relational in the full Machian sense, i.e. only the rela- 
tive positions and sizes of "real macroscopic objects" count and no fundamental 
reference scale (such as the minimum boundary area of a fundamental quantum 
of geometry or particle) is given, the macroscopic phenomena predicted by gen- 
eral relativity and statistical thermodynamics of great numbers should be scale 
invariant, i.e. exactly the same, whatever length scale we chose and whatever 
the particular value of the gravitational constant G with respect to this length 
scale may be. 

Therefore let us try to devise a reformulation of the results of the previous 
sections so that all of the relevant phenomena, i.e. the relations between en- 
tropy, local temperature, (Hawking) temperature at infinity, metric etc. can be 
described in a way that is essentially independent of G. Or formulated some- 
what differently: We are looking for an additional symmetry in the equations 
which allows G (or KG) to vary without changing the physical results predicted 
by the equations. 

How can such a scale invariant reformulation be found? For this purpose 
lets take a critical look on the Hawking entropy formula. The Hawking entropy 
is equal to the surface area of a black hole, measured (for example) in square 
meters, divided by four times the Planck area, 4HG. Via G the Planck area can 
be expressed in square meters as well, so that a dimensionless quantity arises 
for the entropy. The problem is, that the area A measured in square meters, 

In string theory, a state with a particular winding and vibration number is indistinguishable 
from a state, where winding and vibration number are interchanged. 

29 Note that Einstein's theory of general relativity is difficult to quantize, if the "normal" 
quantization procedure for a gauge-invariant theory on a fixed space-time background are 
used. Only by exploiting the (additional) symmetry of diffcomorphism invariancc could a non- 
perturbative quantization of gravity be achieved. Quite unexpectedly the (non-perturbative) 
quantization turned out to be finite to all orders. It might well be that the diffcomorphism- 
invariance of Einstein's theory of gravitation provides a greater "protection" for the gravita- 
tional (coupling) constant G against renormalization than the gauge symmetries in the typical 
gauge theories over a fixed background, so that in fact G might be constant at all energy scales. 
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and the Planck area TiG expressed in square meters, might transform differently 
under a change of G: A shift in G will change the fundamental Planck-area, 
but according to our common understanding of quantum theory such a shift 
shouldn't affect our definition of the meter: The meter is defined via the second 
which is linked to an atomic transition with a very sharply defined frequency. 
The frequency of the atomic transition is a pure quantum effect and therefore 
should not be affected by a change in G. 30 Therefore the measured surface area 
of a black hole or holostar (in square meters) should be independent of G. On 
the other hand, the Planck area TiG depends explicitly on G. If G can vary, one 
would assume that the divisor for the area in the entropy formula should rather 
be a " fundamental area" , whose measured value (for example in square meters) 
is independent on a variation of G. 

Is there an alternative to the divisor AhG in the Hawking formula? For the 
holostar solution we have the so called fundamental length parameter, ro, from 
which a fundamental area r\ can be formed, ro is defined as the maximum of 
the radial metric coefficient g rr which attains its maximum at the surface of the 
holostar, i.e. g r r m ax = 9rr(rh) — r/i/ro. The area is related to the Planck 
area via r$ = j3hG. This is a significant improvement, because of the factor f3. 
We can compensate any change of the gravitational constant G by a variation 
of (3. Furthermore, the value of (3 can be determined without reference to G, 
as can be seen from equation 1)840. A change in G therefore doesn't affect the 
measurement of j3, which seems just what is needed. Also note, that /3 appears 
to be just in the right range, i.e. (3 = ^/{TiG) « 4, so that the deviation to the 
Hawking formula wouldn't be large. In the light of the above discussion we are 
lead to modify the Hawking entropy formula as follows: 



j3 — 4 corresponds to the usual Hawking entropy-area law. 
With this definition Fe can be expressed in terms of /3, by setting the entropy 
of equation equal to (JSDJ. 



30 This statement is only correct for quantum theory on a fixed background. There are 
several objections to the above statement, both practical and in principle: First, quantum 
field theory on a fixed background is not diffeomorphism invariant, and therefore should be 
regarded rather as an - albeit excellent - approximation to the real physical phenomena. 
Second, the transition frequency of an atomic clock depends on the value of the fine-structure 
constant, which runs. However, this dependence may be calculated in the context of QFT. 
Lastly there is the practical problem to construct an atomic (or any other accurate) clock at 
high energies. 




(80) 




(81) 



The local temperature is given by equation l|47Jl 




(82) 
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M is the gravitating mass of the holostar enclosed by the radius r. The 
Hawking temperature reads: 



T °° ~ \Ll h "(g) 32nM (83) 

All the other equations of the previous section remain the same. A very 
interesting thing has happened. With our particular ansatz for the entropy (see 
equation l|80|ll. j3 always appears in combination with 1/G (or rather h/G) in 
all equations, when the quantities are expressed in terms of the gravitating mass 
M (i.e. in "mass-coordinates"). On the other hand, when the quantities are 
expressed in terms of the radial coordinate r, i.e. in terms of length, [3 always 
appears in combination with h. 

Note also that equation (|82l) relates the local temperature to the local en- 
ergy density p = l/(87rr 2 G). If expression l|82[l is expressed in terms of the 
measurable quantities p and T, the relation turns out to be independent of G: 

G 2 16 7r 4 r 2 2 13 tt 3 ^ [ ' 

In fact, all thermodynamic equations, such as dS/dE — l/T are independent 
of G. 

We can now analyze what happens if G (or h) vary. Let us first assume 
G = const, but h variable. Any variation in fi can then be compensated by 
a respective change in (3, as long as h/3 remains constant. I.e must change 
inverse proportional to fi. On the other hand, if G varies and h is constant, 
a change in G will not affect the equations (expressed in "mass-coordinates"), 
whenever (3 varies proportional to G, as G always appears in combination with 
0U/G. 

Again there is some sort of duality between the quantities G and h. 

We are confronted with two different choices for the Hawking-entropy for- 
mula. Either we stick to the classical result S = A or we chose equation (I80|) . 
The equations for the internal temperature within the holostar, the (Hawking) 
temperature at infinity and the number of degrees of freedom Fg will be affected 
by the choice, as can be seen from equations (|S31 IS2l EJ . 

What particular choice we should make, depends on the nature of the grav- 
itational constant G. If G is a universal constant of nature, independent of the 
energy scale, i.e. not subject to a (moderate) renormalization at high energies, 
we should use the original Hawking entropy formula. However, if G undergoes 
renormalization at high energies, it appears more appropriate to pick the more 
general approach with [3 in the divisor of the entropy formula. 

From an aesthetic point of view, the second choice has some merit. However, 
not aesthetics, but measurements will have to decide the issue. In the previous 
section it has been demonstrated, that under the assumption that G is con- 
stant, the Hawking-entropy formula is correct to better than 1%. If the entropy 
formula is to be modified according to the discussion of this section, the value 
of (3 can be determined experimentally along the same lines as in the previous 
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section. Equation (|84|) gives a relation between the local radiation temperature 
and the total local energy density within the holostar: 

\8tt ) 16 

This can be solved for (3: 

With Tcmbr = 2.725K and p WM AP = 2.465 • 1(T 27 ^ we find 

(3 = 4.17 (87) 

When this value is compared with equation (|78J) . it turns out far too high for 
the low temperature region of the universe, where the fine-structure constant 
a is small. Furthermore, it doesn't fit well into the framework developed in 
|SJ |7| . Therefore at the current state of knowledge it appears more likely, that 
the Hawking entropy formula is correct for all scales, which in turn can be 
interpreted as indication, that the gravitational constant G is a true constant 
of nature such as h and c, i.e. independent of the energy scale. 

On the other hand, if the total matter density p would turn out to be roughly 
13% higher than the WMAP result, we would get j3 = 4, which would make 
both approaches essentially indistinguishable. 



(85) 



(86) 



7 Are the gravitational constant, the fine-structure 
constant and the electron mass related? 

In this section I propose a relation between the gravitational constant G, the 
fine-structure constant a and the electron-mass m e . This proposal most likely 
will be considered by any conservative researcher as a blind leap into the dark, 
rather fuelled by the faith of the foolish than by the wisdom of knowledge. And 
not much can be said against such a point of view: The relationship proposed in 
equation Ij96(l is based more on "playing with numbers" than on truly convincing 
physical arguments. Therefore it is quite probable that (|96|l will suffer the fate 
of the vast majority of proposals of a similar kind, such as the numerous formula 
given for the value of the fine-structure constant, which even appear in regular 
intervals today. 31 On the other hand, the gravitational constant is the only 
fundamental constant of nature that hasn't been measured to a high degree of 
precision. Therefore from the viewpoint of metrology it would be helpful, if G 
could be related to quantities that have been measured precisely. Furthermore, 
the discussion in the previous section might be viewed as some - albeit very 
tentative - evidence, that G and the fundamental quantities that determine our 

31 It requires quite a bit of faith to attribute a definite numerical value to a running quantity. 
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length and time-scales, such as a and m e , should be related in one way or the 
other: In the previous section it has been remarked, that at high energies our 
definition of the meter, which is linked to the second via the speed of light, c, 
might change due to the running of the coupling constant (s). A change in the 
length scale will affect the maximum entropy of a space-time region bounded 
by a proper area A, unless there is a definite relation between the gravitational 
constant G and the fundamental quantities or processes that define our length 
or time scale at any particular energy, which allows us to calculate the change. 

How can we define a time- or length scale at an arbitrary energy? In order 
to do this we need a physically realizable clock, which works (at least in prin- 
ciple) over the whole energy range from the Planck-energy to the low energies 
we encounter today. In order to define a time-interval as reference, we need a 
massive particle (time has no meaning for photons). This particle should be 
available throughout the whole energy range. From a practical point of view 
it should also be fundamental, meaning not composite, so that its properties 
and behavior can be "easily" calculated. The only particle which fulfils these 
conditions is the electron. At low energies we could construct a positronium 
clock. At high energies it might be more appropriate to use the compton wave- 
length of the electron as reference. In any case, the fundamental time or length 
interval determined from our electron based clock will depend on the energy 
scale, due to the running value of the fine-structure constant and the running 
electron mass. Unless there is a definite relationship between G, K, a and m e 
it will be difficult to determine the entropy of a self gravitating system in an 
unambiguous way. 

How could such a relationship look like? The quantity hc/G has the di- 
mension of mass-squared. In order to get the dimension right, we should start 
with 



hc/G = oc m z e (88) 

Unfortunately there is a great discrepancy between the Planck-mass and the 
electron- mass. Nevertheless, m Pl /m e is a dimensionless quantity, that might be 
related to the only other dimensionless fundamental quantity available at the 
low-energy scale, a. Therefore we make the following ansatz: 

i n = £ (89) 

This ansatz is motivated by the renormalization group equations, according 
to which the coupling constants vary with energy with 

1 =^m# (90) 



a{E) a(E ) 2ir E Q 
where b depends on the model. 32 



32 b[U(l)] = -§7V 9 and b[SU(N)] = ^-N - \N g , where N g is the number of generations 
(three in the standard model). 
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What could be a reasonable value for xl There is some "evidence" for 
x = 3/8. In the simplest SU(5) GUT-theory the normalization of the electric 
charge operator with respect to the other operators requires this value. Fur- 
thermore, 3/8 is the prediction for the Weinberg angle at the GUT-energy in 
minimal SU(5), i.e. the ratio of the electromagnetic coupling to the "true" 
unified coupling constant at the unification energy. 

With x = 3/8 and setting k temporarily to 1 equation (|89|l reads: 

In ( ^ « A (91) 
\m e ) 8a K ' 

If we plug in the experimentally determined values for the electron-mass, the 
fine-structure constant and the Planck-mass (which requires knowledge of G, ti 
and c), we find a not too good agreement: 

In ( VlEL) = 51.5279 (92) 



V m e 



and 



A- = 51.3885 (93) 
8a 

However, there is still one free parameter in the ansatz of equation (|89() . 
Furthermore, the motivation for the search of a relation between G, h, m e and 
a was the observation, that the length-scale (or area scale) might change at high 
energies. Therefore the fundamental area rjj, which somehow "documents" this 
change, should enter into the above relation. For an electrically charged spin 
1/2 particle, such as the electron, the radius r% of its boundary (or membrane) 
can be found in 5 : 



HG 4 2 



(2) + I (94) 



Quite curiously, if we replace m e — ► m e /(/3/4) the logarithms in equations 
Q92I I93|) are equal within the measurement errors 33 : 

In (Emt^L) = 51.3883 w — = 51.3885 (95) 
UmJ 8a v ' 



With m Pl — Tic/G we can solve the above equation for G: 

2 




mM 2 V V 2/ 4 
which gives the following "prediction" for G: 



(96) 



G = 6.670460 • 10~ n - n (97) 

kg s z 



3 The error is dominated by the uncertainty of mpi due to the large uncertainty of G 
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This is well within the errors of the value recommended by CODATA 1998 
(G = 6.673(10)-10- n TO 3 /(fcgs 2 ) and within 3a of the "old" value G = 6.6726(7)- 
10~ n m 3 / (kg s 2 ), recommended by the International Council of Scientific Units 
1986, which however was discarded by CODATA in 1998 because of difficulties 
to reproduce this result. 

Keep in mind, however, that this section is pure numerology, which has not 
much to do with predictive science. As far as is known to the author, there is 
no example in the history of science, where numerology has guided us to any 
significant scientific result. 

8 Fermionic weighting factors for the energy- 
and number-density 

It is useful to cast the equations of the previous sections into a more familiar 
form. Usually the effective degrees of freedom of a gas of ultra-relativistic bosons 
and fermions are calculated by weighting the fermion degrees of freedom with a 
factor w = 7/8. This procedure allows us to apply the familiar Planck formula 
for the energy-density of a photon gas to the arbitrary case of a gas of ultra- 
relativistic bosons and fermions, simply by replacing the two photon degrees 
of freedom 34 in the Planck-formula with the effective degrees of freedom of the 
fermions and bosons. 

The factor 7/8 for each fermionic degree of freedom is nothing else than the 
ratio of Zf,s{uf = 0) by Zb,z{ub = 0). This ratio is relevant for the determina- 
tion of the energy-density. 35 The weighting factor 7/8 for the fermionic degrees 
of freedom is only correct, when up — ub — 0, i.e. when the chemical potential 
of all particles is zero. For the holostar in thermodynamic equilibrium up = 
is not possible, at least not in the simple ultra-relativistic model discussed here. 
up is always larger than 1.344 and depends on the ratio of the (unweighted) 
degrees of freedom of the ultra-relativistic bosons and fermions. Nonetheless, 
we can still use the standard Planck-formula for a photon gas by adhering to 
the following procedure: 

• Determine the bosonic and fermionic particle degrees of freedom, fg and 
If- 

• Calculate Uf as a function of /b//f from equation l|56|) . 

• Determine the fermionic weighting factors we and wn for matter and 
anti-matter respectively. The weights only depend ontif. 

• Use we instead of 7/8 and wn instead of 3/4 as the appropriate weighting 
factors for the fermionic degrees of freedom in order to determine the 
effective degrees of freedom of the whole gas. 

34 Note, that in our convention for the counting of the degrees of freedom g = 2 corresponds 
to f B = 1 

35 The ratio Zp^, (0)/.Zb 2(0) = 3/4 is relevant for the number-density 
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If we denote by Je the effective degrees of freedom required for the determi- 
nation of the energy density and by Jn the effective degrees of freedom required 
for the number-density we get: 

fE = 2f B + (w E + vm)fF (98) 



In = 2f B + (w N + wW)f F (99) 

with 

we = ' , n s (100) 



and 



WN = ~z~b~M (101) 

The weighting factors for the fcrmionic anti-matter we and wn are given by 
the respective negative value of the fermionic chemical potential per tempera- 
ture, i.e. uf — > —uf- 

w E = we(-uf) = — ttt— (102) 

and 

w N = w n (-uf) = Zb ^ (103) 

The quantity w F gives the ratio of the total energy density of a single 
fermionic degree of freedom to a single bosonic degree of freedom (with zero 
chemical potential) in an arbitrary volume, i.e. 

SE F 

we = j£ (104) 

whereas wm gives the ratio of the total number of fermions to bosons (for a 
single bosonic and fcrmionic degree of freedom) in an arbitrary volume: 

5N F , s 

WN - SN~ B ^ 

The respective ratios of the energy- and number-densities of any fermion 
with respect to its anti-particle are then given by we /We and wn /wn 

The mean energy per particle is proportional to the temperature. However, 
the constant of proportionality is different for fermions and bosons: 

and 
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with 



but 



e B = t^<J (108) 



We f N /inn\ 
£ F = a (109) 

W N f E 

The ratio of the mean energy of a single fermionic degree of freedom to a 
single bosonic degree of freedom is given by: 

^ = ^ (110) 

e B w N 

The above dependencies guarantee, that the mean energy per particle per 
temperature e (for all particles, i.e. including all fermions and bosons) is equal 
to the mean entropy per particle a (again for all particles): 



with 



5N= eT = ° T (U1) 



f F (N F e F + NpEp) + 2f B N B e B f E , 

= £ B ^=r = a (ll^j 



f F (N F + N F ) + 2f B N B f N 

Note that the relation e — a, which can be seen as the basic thermodynamical 
characteristic of the holostar, is only true for the mean energy and entropy of 
all particles, but not for the individual particle species, for which the relations 
H108lll09l> hold. These relations in general imply e B ^ a B and e F ^ a F , unless 
the number of bosonic degrees of freedom is zero. 

The mean entropy per particle a can be calculated from the mean entropy 
per fermion and boson: 

g _ f F {cr F w N + a F w N ) + 2f B a B - 113 , 
In 

With all of the above definitions equation l|52l) reads as follows 36 : 

4 ^= ijTTe (U4) 

36 In the scale-invariant reformulation of the Hawking entropy in section [S] we have to use 
equation 1811 . which then is given by 4tt/3 = ( 
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Table 1: Thermodynamic parameters for an ultra-relativistic gas of fermions 
and bosons, compiled for selected ratios of bosonic to fermionic degrees of free- 
dom /s//ir. uf is the dimensionless chemical potential per temperature of the 
fermions. Anti-fermions have the opposite value. The chemical potential of the 
bosons is zero, a is the mean entropy per particle, op is the entropy per fermion. 
we and wn are the weighting factors for the energy- and number-densities with 
respect to a bosonic degree of freedom. Barred quantities refer to anti-fermions. 



The effective degrees of freedom determined by the above procedure can 
be plugged into the well known equations for the energy-density, the entropy 
density and the number-density of a photon gas. For example, the energy- 
density is now given as: 

1 ~ 7T 2 

P=7T^ = fE tT 4 (115) 

In Tablc^the relevant thermodynamic quantities are compiled as a function 
of the ratio fs/ If of bosonic to fermionic degrees of freedom. All the quantities 
in the table are normalized to the thermodynamic quantities of an ideal rela- 
tivistic boson gas. Recall, that for a relativistic boson gas ob = 27r 4 / (45£ (3)) = 
3.60157 and e B = tt 4 /(30C(3)) = 2.70118. 

We find, that the fermions within the holostar have much higher weights 
for the energy- and number-densities than the ordinary weights of 7/8 or 3/4, 
whereas the anti-fermions have much lower weights. For example, when fp — 
fs, the weighting factor for the fermionic energy-density, 7/8, must be replaced 
by 4.5 and that for the anti-fermion with 0.15. 

An interesting case is fs = 8/f, i.e. when there are 8 bosons per fermion. 
For this case the entropy per particle a (and the energy per particle) within 
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Table 2: Thermodynamic parameters for the "abnormal supersymmetric phase" 
of an ultra-relativistic gas consisting of fcrmions and bosons, compiled for se- 
lected ratios of the bosonic to fermionic degrees of freedom Jb/Jf- uf is the 
chemical potential per temperature of the fermions, the bosons have the op- 
posite value, s is the mean entropy per particle, of and as are the entropies 
per fermion and boson, respectively, we and wn are the weighting factors for 
the energy- and number-densities of the fermions. The weighting factors of the 
bosons are denoted by subscript B. 



the holostar is minimized. Note that a = 3.1568 is only slightly larger than 7r: 
a/ir = 1.00485. 

There is a curious modification to the thermodynamic model, which might be 
of some interest. If we formally assume, that the fermions have no anti-particles, 
we can give the bosons a negative chemical potential exactly opposite to that of 
the fermions, fiF + fJ-B = 0, and still retain a symmetric description. In a formal 
sense the bosonic partner particle of any fermion, carrying the opposite chemical 
potential, might be considered as the anti-particle of its fermionic counterpart. 
Let's call this peculiar matter phase the "abnormal supersymmetric phase". We 
can construct a table similar to Tabled The respective weighting factors for 
the bosonic energy- and number-densities are given by: 



WEB 



Zb,3,{-U F ) 



(116) 



WNB = 



Zb,2(-U F ) 

Zb, 2 (0) 



(117) 



The essential thermodynamic parameters of the " abnormal" supersymmetric 
phase are compiled in Tabled 

It is a curious numerical coincidence, that for the "abnormal supersymmetric 
phase" with identical bosonic and fermionic particle degrees of freedom the ratio 
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of the entropy per boson as to the entropy per fermion dp in the holostar is 
almost equal to the ratio predicted for the respective areas of a single spin-1 spin- 
network state (=boson?) to a single spin 1/2 spin-network state (=fermion?) 
in loop quantum gravity (LQG): 



Whether this finding is significant, is hard to tell. Although there appears to 
be a connection between the ultra-relativistic particles of the holostar solution 
with the links of a loop quantum gravity (LQG) spin-network state, it is yet too 
early to draw any definite conclusions. See jS] for a more detailed discussion on 
the possible connection between LQG and the classical holographic solution. 

There is another interesting observation. If we compare the first line in 
Tabled i- e - the case of a "normal" gas consisting exclusively out of ultra- 
relativistic fermions and anti-fermions, with the fp = Jb line in Table [21 i.e. 
the " abnormal supersymmetric-phase" with equal fermionic and bosonic degrees 
of freedom, we find that the thermodynamic properties of both phases are very 
similar. The chemical potentials per temperature are u = 1.344 in the first case 
and u = 1.353 in the second case. The mean entropy per particle is a = 3.379 
in the first case and a = 3.372 in the second case. If we compare the other 
quantities in the table, i.e. the entropies of the fermions, the entropies of the 
anti-fermions/bosons, the weighting factors for the fermions, the weighting fac- 
tors for the anti-fermions/bosons, we also find, that all of these quantities are 
very similar. Therefore, from a purely thermodynamic point of view, a "normal" 
ultra-relativistic gas-phase consisting only out fermions and anti-fermions has 
nearly identical properties to the " abnormal supersymmetric" gas-phase consist- 
ing out of an equal number of fermions and bosons, with the interpretation that 
the bosons have "disguised" themselves as the anti-particles of the fermions. So 
in a strictly formal sense one could say, that at ultra-high temperatures a gas 
consisting exclusively out of fermions and their anti-particles becomes more or 
less indistinguishable from a gas consisting out of equal numbers of fermions 
and bosons. 

9 On the matter-antimatter asymmetry in curved 
space-times 

In the previous sections we have seen, that there is only a solution to the ther- 
modynamic constraint equation Fs(up) = Fp(up), when we have at least one 
ultra-relativistic fermionic species present. No matter what the specifics of the 
thermodynamic model are, the ultra-relativistic fermions are required to have a 




(118) 



whereas: 




(119) 
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non-zero chemical potential, which is significantly higher than the local radia- 
tion temperature. We can loosely interpret this finding such, that we need the 
degeneracy pressure of at least one ultra-relativistic fermion in order to stabilize 
the self gravitating object, so that it doesn't collapse under its own gravity to 
a singularity. 

Tablendescribes the characteristic properties of an ideal gas of ultra-relativistic 
fermions and bosons, which are in thermal equilibrium with each other and 
their anti-particles. The non-zero chemical potential of the fermions induces an 
asymmetry in the relative number-densities of a fermionic particle and its anti- 
particle. From this asymmetry different values for the entropy per particle/ anti- 
particle and the ratio of the energy-densities and number-densities arise. 

The asymmetry is smallest, when at a certain spatial position within the 
holostar there are only fermions and no bosons. For this situation the chemical 
potential per temperature uf attains its minimum value of uf — 1.34416. 

If we increase the number of bosonic species with respect to the fermions, the 
matter- antimatter asymmetry in the fermions becomes higher with increasing 
up, as can be seen from comparing the first and last columns of the Tabled 
For fg = we have we — 3.01 and We — 0.24, so that the ratio of the energy- 
densities of matter vs. anti-matter in any proper volume (where the fermions 
still are ultra-relativistic) is: tje — 12.6967. The number-densities have roughly 
the same ratio: t/n = wn /wn — 11-3453. When the number of fermionic and 
bosonic species is equal, we find that r\E — 30.2894 and t/n — 25.8847, i.e. a 
significantly higher asymmetry. 

The holsostar's interior structure, or rather the condition a = e/T, induces a 
natural asymmetry between the fermionic matter and antimatter in thermody- 
namic equilibrium in the spatial holostar metric. Only the fermions are effected 
in such a way. For the bosons there is no such shift, because they cannot have 
a non-zero chemical potential, at least as long as they are ultra-relativistic. 

If the interior temperature falls below the mass-threshold of a particular 
fermionic species, fermions and anti-fermions will annihilate. Due to the large 
asymmetry above the threshold most fermions will survive the annihilation pro- 
cess. The ratio of the number of surviving fermions with respect to the total 
number of fermions and anti-fermions above the threshold is: 

m - W 

This ratio attains its minimum value in the case where there are only fermions, 
no bosons, i.e. fs / /f = 0, where r\ w 84%. The ratio can be significantly higher, 
if the number of bosonic species is higher. 

In |7| it has been shown, that the holostar has some potential to serve as an 
alternative model for the universe. If this truly turns out to be the case, the 
thermodynamic properties of the holostar solution naturally explain the matter- 
antimatter asymmetry in the universe: When during the expansion the temper- 
ature falls below the rest-mass of a particular fermionic species, for example 
the baryons (or quarks, electrons), the fermions will annihilate with their anti- 
partners. Due to the curvature-induced matter-antimatter asymmetry there will 
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be at least a factor of 11 more particles than antiparticles, so that the mutual an- 
nihilation conserves most of the energy-density within any particular fermionic 
species, at least 84 %. This figure might be significantly higher, when there are 
many more bosonic than fermionic species. However, in the Standard Model 
of particle physics the situation is rather the other way around: We have more 
fermions than bosons. Whenever fp > fg, i.e. the number of fermionic degrees 
of freedom is larger or equal than the bosonic degrees of freedom, the percentage 
of fermions surviving the annihilation process with respect to the total number 
of fermions before the annihilation started, is only very moderately dependent 
on the ratio /b/Jf- It ranges from 84% at fg = over 88% at fp = 3/b to 
92.5% at fp = f B . 

This effect also explains, why which has been shown to depend linearly on 
the effective ultra-relativistic degrees of freedom, has a nearly universal value, 
although the number of relativistic particle degrees of freedom is dramatically 
reduced during the expansion: Due to the large matter-antimatter asymmetry 
the energy-density in a particular particle species is nearly conserved, when the 
species "freezes out", so that the effective number of the degrees of freedom at 
the transition doesn't change significantly. 

This observation is significant in two respects: 

First it allows us to interpret the energy density in the universe as we find it 
today, as a fairly good indicator of the number of degrees of freedom at very high 
energies, where all particle species are expected to be ultra-relativistic. In fact, 
the "effective" number of degrees of freedom, determined via the energy-density 
of the matter today, is expected just to slightly underestimate the total number 
of degrees of freedom at the Planck scale. In the worst case the observed total 
energy density would be roughly 85% of the energy-density at a temperature, 
where all of the particles were relativistic. We will see in the next section, that 
this appears to be actually the case. 

Second, it gives a good a-posteriori justification for our very early assump- 
tion, that the fundamental area r\ is a (nearly) universal quantity, constant 
whenever the universe doesn't undergo a phase-transition, and which "runs" 
only moderately with the energy-scale via the coupling-constant (s), whose val- 
ues are related to the particle degrees of freedom that are available at a given 
energy. 

Whereas the interpretation of r\ as a running area scale, only slightly depen- 
dent on the energy-scale, can be considered to be backed by both observational 
and theoretical insight, the particular form of r$ as proposed in equation H78JI 
has not such a sound justification, at least at high energies. Our understanding 
of the holostar solution and particle physics in curved space-times will improve 
dramatically, if the apparent correspondence between the fundamental length- 
and energy-scales, the number of particle degrees of freedom and the running 
of the coupling constant(s) can be made more definite. 
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10 An estimate for the number of degrees of 
freedom at the Planck scale 



With the discussion beforehand and the tables given in section |H| one can esti- 
mate the number of degrees of freedom at the Planck energy, where all particle 
degrees of freedom are expected to be ultra-relativistic. 

I will only discuss the "normal" matter phase, whose properties are given 
by Table ^ With / let us denote the total number of degrees of freedom, i.e. 
/ = 2(/s + /ir). If supersymmetry is a true symmetry of nature at high energies, 
we should expect the bosonic and fermionic degrees of freedom to be equal at 
the Planck energy, which gives: /b = /f = //4. 

From equation (|52|) we find: 

J e= ._ f {1 + ^E + WE ) = 26 3 5 iT (] (12Q) 



2 



and therefore 37 : 



f = (i2i) 
j (i + WE f WE ) 



For fp = Jb one can show (see H): 

We + we 7 



(122) 



so that: 

/ = 2 4 ■ 3 2 • 4tt/3 (123) 

In order to determine / we need to know (3 = r^/li at the Planck scale. In 
|S] arguments were given, that /3/4wcr/7r~lat the Planck energy 38 . A more 
conservative estimate will place /3 in the following range: 

37 If the Hawking entropy area law were modified according to the discussion in section Ifil 
the above expression must be multiplied with (4//3) 4 : 



/ 



2 7 ■ 3 ■ 5 ■ tt ■ /3 

(1+ 



(!) 



38 It is suggestive to set /3 = 4 at the Planck-energy, which at the same time will set a = 1/4. 
This would make the prediction / = 2 6 3 2 47r. The factor of 7r is somewhat disappointing. One 
would expect an integer number, at least if particles were the truly fundamental building 
blocks of nature. The basic building blocks of the holostar, however, appear to be rather 
strings and membranes. Therefore it is conceivable, that the particle degrees of freedom must 
be regarded as an effective description. For an effective description non-integer values for / are 
not uncommon. The full number of degrees of freedom at or above the Planck-scale, including 
the "stringy" degrees of freedom, is expected to be higher and integer. Only a unified theory 
of quantum gravity, which most likely will be based on string-theory, will be able to tell us, 
what the full spectrum of the basic building blocks of nature, i.e, their interior structure and 
their relative abundances, is going to be. 
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For the above range we find from equation (|123|1 : 



6269 < / < 7442 (125) 

Note that the ratio of the lower to the higher number in this range is very 
close to of 84 %. This is almost exactly the ratio one expects for the effec- 
tive degrees of freedom at low vs. high energies due to the matter-antimatter 
asymmetry (see sectional). In fact, 6269/7442 = 0.842. 

For f3 = 4 we have / ~ 7238. These are all quite large numbers compared 
to the number of particle degrees of freedom of the Standard Model. On the 
other hand it has been speculated, that at exceedingly higher energies more 
and more new particles will show up, and that this process might continue 
indefinitely. Although the numbers stated here cannot yet be regarded as an 
accurate prediction, one can interpret the above result such, that the number 
of fundamental particles is finite and is expected to lie not too far outside range 
given in equation (|125f) . Thus we have a good chance to discover a unified 
description of nature, encompassing all known forces and matter states. 

The lower value in the range given by equation Ijl25|l . 6270, is quite close 
to the experimental estimate of /, which can be obtained from equation H115|) . 
using the temperature of the microwave background radiation and the total 
matter density as input. With Tcmbr = 2.725 K and p determined from the 
recent WMAP data |2| we find the following experimental estimate for the 
effective degrees of freedom at the low energy scale: 

f = ™p — ^!__ = If ^3 w 6366 (126) 

■' n 2 J^i ^ _|_ we+we -j 7T 2 T 4 

Therefore the assumption, that r\ = /3?i is a nearly universal area scale, only 
depending on the effective degrees of freedom at a given energy scale via the 
relevant coupling constants, has some observational justification. 



11 Does the holographic solution conserve the 
ratios of the energy-densities of the funda- 
mental particle species? 

Quite interestingly //4 of equation (|125(l is not too far from the ratio of proton to 
electron mass (m p /m e = 1836.15). As the electron has four states (according to 
the Dirac-equation), the ratio of proton to electron-mass is roughly equal to the 
ratio of the total number of particle degrees of freedom in the holostar-solution 
to the four degrees of freedom of the electron. 
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At first sight this looks like quite a coincidence. However, there is another 
curious coincidence in our universe today: The energy-density of the microwave- 
background radiation is roughly equal to the energy density of the electrons 
within a factor of 2.5 (if we assume that there is no dark matter). Both elec- 
trons and photons are fundamental particles. If the near equivalence of photon 
energy density to electron energy density is not just a spurious feature of the 
universe in its present state 39 , one wonders, whether the universe might be 
constructed such, that the ratio of the energy-densities of the different funda- 
mental particle species should remain approximately constant throughout its 
evolution, endowing every fundamental degree of freedom with a well-defined 
energy-density. 

In it was shown, that for the geodesic motion of massless and massive 
particles, and for some particular cases of non-geodesic motion of massive par- 
ticles, the ratios of the energy-densities of the particles are conserved in the 
interior holostar space-time. For these particular cases the conjecture has the 
status of being proved. 

There are indications that such a conjecture is also valid with respect to 
the distribution of electromagnetic (and rotational) energy in the interior of a 
charged and/or rotating holostar: In the model for a charged holostar discussed 
in [5] the ratio of electromagnetic energy density p em oc 1/r 2 to the total energy 
density p = l/(87rr 2 ) is constant throughout the whole holostar's interior and 
is related to the dimensionless ratio of the holostar's exterior conserved charge 
Q 2 and boundary area A via p em /ptot = Q 2 / r h — 4,ttQ 2 /A = const. 

If one elevates the above stated conjecture to the status of a general principle, 
one is more or less forced to regard the nucleon, which quite definitely is not a 
fundamental particle, as some sort of "dump" for the frozen out fundamental 
degrees of freedom at the Planck scale, which have become "locked away" in the 
interior structure of the nucleon. According to the discussion in section[!|]at least 
84 % of the energy-density in the ultra-relativistic particles at the Planck-scale 
must be preserved in the subsequent evolution, due to the profound matter- 
antimatter asymmetry at ultra-relativistic energies. Using Occams razor (which 
allows us to ignore the unsettled issues of cold dark matter or dark energy), 
where else than into the nucleon could the energy density of these frozen out 
degrees of freedom have gone to? 

39 In the standard cosmological model the energy- density of the photons with respect to the 
electrons changes with time, as the photons are "red-shifted" away and the ratio of photons 
to electrons is expected to remain constant. However, in a non-homogeneous universe with 
significant pressure it is not altogether clear, if the number ratio of zero rest-mass particles to 
massive particles in the cosmic fluid should remain constant. In fact, in the holostar universe 
one can show (see |7|) that this ratio develops proportional to n 7 /n e oc m e /T in the frame of 
the co-moving observer, so that the red-shift of the photons is compensated by their higher 
number-densities, keeping the ratio of the respective energy densities constant. 
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11.1 An estimate for the ratio of the energy-density of 
photons to electrons 

If we take the conjecture seriously, that the universe preserves the ratios of the 
energy-densities of its fundamental constituents during its evolution, we should 
be able to estimate the ratio of the energy-densities of electrons to photons by a 
thermodynamic argument. When the temperature in the holographic universe 
reaches the electron-mass threshold, we have fp — 5 ultra-relativistic fermionic 
particle species around: 3 flavors of neutrinos and two helicity-states for the 
electrons. If right-handed neutrinos and left-handed anti-neutrinos exist, we 
have to add three more degrees of freedom, i.e. fjr = 8. The photons are 
counted as fg = 1, so /f//b ~ 5 — 8. In this range, the relative number-density 
of the electrons with respect to the photons is given by Wn w 2.6, according to 
Table 2] The number-density of the positrons is roughly u7/v ~ 0.19 that of the 
photons. The ratios of the energy-densities of electrons and positrons to photons 
is roughly we + we ~ 3.5. After the annihilation of the positrons roughly 86 
% of the original energy-density will "survive" in the left-over electrons. The 
14% gone into the annihilation is distributed among all left over particles, i.e. 
neutrinos, photons and electrons. 40 The final result is, that the energy-density 
of the left-over electrons with respect to the energy-density of the photons should 
lie in the range 

— « 2.0-2.8 

The lower value refers to the case, when the neutrinos are already decoupled, 
so that the photons get the full share of the annihilation energy (14%). When 
the neutrinos are not yet decoupled, they will take a large fraction of the 14% 
annihilation energy, leading to the higher value. 

Remarkably the observationally determined estimate of the ratio of the 
energy-density of the electrons to the photons is quite close to the above figure. 
When we estimate the electron contribution to the total matter-density as de- 
termined by WMAP, under the assumption that all of the matter is baryonic, 
and compare this to the known energy-density of the CMBR, we get a ratio of 
2.5, as was shown in [J. 

11.2 An estimate for the ratio of proton to electron mass 

With a similar argument one can estimate the proton to electron mass ratio. We 
have seen that at ultra-high temperatures the total number of particle degrees 
of freedom in the holostar-solution is given by 

/ = 2 4 3 2 4tt/3 

40 In principle the nucleons could also participate in the energy- transfer. As long as the 
nucleons are much heavier than the electrons at the electron-mass threshold, the energy- 
transfer to the nucleons will be small. 
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At low temperatures the only fundamental particle degrees of freedom left 
are the electrons (f e = 4), the neutrinos (f v = 3 • 2) and the photons (/ 7 = 2). 
The number of " missing" degrees of freedom is given by 

A/ = 2 4 3 2 4tt/3- 12 

In a spherically symmetric space-time mass-energy is conserved. The mass- 
energy of the missing particle degrees of freedom must show up somewhere. At 
low energies the natural candidate for the missing degrees of freedom is the 
lightest surviving compound particle, the proton. Therefore we can estimate 
the energy-density of protons to electrons as follows 




= 2 2 3 2 47r/3 - 3 



However, this is the ratio of the energy-densities when the electrons are 
still relativistic. When the electrons and positrons finally annihilate, we have 
estimated in the previous section that only roughly 84 % of their original energy- 
density finds its way to the surviving electrons, so that the ratios of the energy- 
densities after the annihilation of the positrons has to be corrected by this factor. 
At low temperatures the ratios of the energy-densities are nothing else than the 
ratios of the respective rest-masses, so that the ratio of proton to electron mass 
can be estimated as: 

top ^ 2 2 3 2 4tt/? - 3 

m e ~ 0.84 1 ' 

If we set (3 to the value determined in jS], i.e. (3 ~ 4-^/3/4 we find: 

^ « 1862 (128) 

m e 

This is quite close to the actual value m p /m e = 1836.15. Alternatively one 
could use equation H127|) to get another experimental estimate for the funda- 
mental area r\ — (3fi. 

In a more sophisticated treatment one would have to take into account the 
bosonic and fermionic degrees of freedom separately. Furthermore the neutron 
and the different chemical potentials of neutrons and protons cannot be ne- 
glected. 41 However, with our limited understanding of the holographic solution 
at the current time it does not seem appropriate to stretch an order of magnitude 
estimate far beyond its already limited range of credibility. 



12 Supersymmetry 

We have seen in the previous section, that the supersymmetric case is special 
in the sense, that the ratio of the energy-densities of fermions (including the 

41 Assuming that the chemical potentials of u and d quarks are equal, and assuming that 
the chemical potentials of the constituent quarks can be summed up, the chemical potential 
of the neutron (ddu) will be opposite to the chemical potential of the proton (uud). 
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anti-fermions) to bosons takes on an integer value. The chemical potential per 
temperature of the fermions in the supersymmetric case is given by 

u ss = ^ ^ 1.8138 
v3 

For this value of u we find: 

E F + E F _ Z Fj3 (u ss ) + Zp t3 (-u ss ) _ w E +Wg _ 7 



2E B 2Z BtS (0) 2 3 

A similar relation holds for the entropy-densities: 

Sf + Sf Wffcrp + wncjf 3 



(129) 



(130) 



2Sb 2<t g 2 

With the above result one can relate u ss to the thermodynamic parameters 
of the system: 

Uss = lA^T = 27C(3) * 3 - 0013 A^ (131) 

Anp is the fermion number density, i.e. the difference of the number of 
fermions minus anti-fermions per unit volume, is the energy density of a 
single bosonic degree of freedom and n 7 is the number-density for a photon gas 
according to the Planck distribution (g=2). We find that in the super-symmetric 
phase the fermion number-density Anp is roughly a factor of 1.66 higher than 
the boson number density n 7 . 

Not quite unexpectedly equations Q129M130*jl guarantee, that the free energy 
comes out zero, although the thermodynamic relations for an ultra-relativistic 
photon gas imply that its free energy-density is negative fs = £b — 8bT = 
— Cb/3, due to the well known relation between energy- and entropy-density for 
a photon gas: 

sbT = -e B 

If the free energy shall be zero sT/e — 1 is required. We get this by pairing 
any two bosonic degrees of freedom with a fermionic particle anti-particle pair. 
According to equation (|130fl the total entropy density is enhanced by a factor 
5/2 by this pairing 

s = s B (l + -) 

whereas the total energy density is multiplied by a factor 10/3 

e = e B (l + -) 

The relation between the total energy- and entropy-density can be expressed 
in terms of the relation for a photon gas: 
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13 Thermodynamics of the membrane 

The simple model of an ultra-relativistic fermion and boson gas, subject to 
the interior spherically symmetric metric g rr — r/r , reproduces the Hawking- 
entropy and -temperature, therefore giving a microscopic statistical explanation 
for the origin of the Hawking-entropy and -temperature, which fits well into the 
theoretical framework that has been developed for black holes over the last 
decades. 

So far only the physics of the holostar's interior has been discussed. At 
least from the viewpoint of an exterior observer the properties of the mem- 
brane cannot be neglected. The surface pressure of the holostar's membrane 
carries a stress-energy equal to the holostar's gravitating mass. Furthermore, 
the membrane might substantially contribute to the entropy. 

From the point of view of string-theory the properties of the membrane 
are quite easily explained. The interior strings are attached to the boundary 
membrane. Each string segment occupies a surface patch of of exactly one 
Planck area. The membrane has similar properties to that of a 2D-branc in 
string-theory. It has surface-pressure, but no interior mass-energy. 

In this section I will try to interpret the properties of the membrane in 
terms of particles. It might turn out, that this is not the correct approach, and 
that the final answer has to be sought purely in the context of string theory. 
Yet the particle interpretation allows us to give some fairly self-consistent and 
(apparently) sensible answer to the questions which have been skipped in the 
previous sections, i.e. what contribution the membrane can or will make to 
the gravitating mass and the entropy of the holostar in the framework of the 
thermodynamic model that has been developed in the previous sections. Keep 
in mind that this section is somewhat speculative, as not much is known about 
self-gravitating matter-states which are effectively confined to a two-dimensional 
surface of spherical topology. 

According to the holostar-equations the membrane has a large surface pres- 
sure. This property would be difficult to explain, if the membrane consisted only 
of weakly or non interacting particles. 42 The "forces" holding the membrane 
together must be strongly attractive and presumably long-ranged. Therefore 
photons or fermions seem not very well suited candidates in order to explain 
the properties of the membrane. Presumably the membrane consists of a gas or 
fluid of strongly interacting bosons. 

A natural candidate for such a boson is the graviton. If the number of 
bosons in the membrane is comparable to the number of fermions inside the 

42 In fact, the zero energy-density in the membrane suggests, that the membrane does not 
consist out of particles at all, and that it is a pure string structure. 



49 



holostar 43 the bosons will be very close to each other. Their mean separation 
will be of the order of the Planck-length. At such small distances gravity will 
have become a very strong force. Therefore mutual interactions of gravitons at 
close range could provide the "glue" holding the membrane together. Note also, 
that gravitons, being spin-2 particles, have the same transformation properties 
as the patches of a two-dimensional surface. 

The radial metric-coefficient g rr of the holostar space-time attains its largest 
value at the position of the membrane. The effective potential for the motion 
of massive and massless particles has a global minimum at the position of the 
membrane. Therefore the movement of particles in the radial direction is ex- 
tremely "inhibited", whereas movement in the tangential direction, i.e. within 
the membrane itself, can be considered to take place essentially unhindered. 
For large holostars, the local movement of any particle in the vicinity of the 
membrane will be effectively constrained to its two-dimensional surface area. 

The membrane is the minimum of the effective potential of the holostar. If 
we assume some weak, but non-zero interaction (friction) between the particles 
in the vicinity of the membrane, particles will collect in the membrane as the 
location of minimum energy. Whereas bosons have no problem to occupy the 
same volume, fermions are subject to the exclusion principle. A membrane 
which consists of a large number of particles separated by a proper distance 
of roughly Planck-size will quite likely contain a vast number of bosons, but 
essentially no fermions. 

The total number of particles of an ideal gas of bosons moving freely in a 
two-dimensional surface of proper area A is given by: 

N = N + -^T 2 AZ BA (u B ) (132) 

No is the number of bosons condensed into the ground state, / is the number 
of degrees of freedom of the bosons in the membrane (for gravitons: 2), T is the 
temperature at the membrane and Zb i is one of the integrals defined in section 

m 

AT 2 is proportional to rh and Zb,i(ub) attains its maximum value for 
ub = 0. Under the assumption that the total number of particles, N, in the 
membrane is proportional to r\, and disregarding the ground state occupation 
Nq, the left side of equation l|132[l will grow much faster than the right side. At 
the Bose-temperature the total number of particles, N, will exceed the maximum 
value possible for the second term on the right side of equation (|132|l . At this 
point the occupation of the ground state, No, must become macroscopic. 

The transition temperature Tb from microscopic ground state occupation 
(No ~ 0) to macroscopic occupation can be calculated from equation (|132|l by 
setting N = Mb =0. One finds: 

43 Supersymmetry suggests a direct correspondence between fermions and bosons. If su- 
persymmctry is relevant for large holostars, the assumption that the number of particles 
comprising the interior of the holostar (presumably dominated by fermions) should be pro- 
portional to the number of particles in the membrane (possibly dominated by bosons) doesn't 
seem too far fetched. 
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where A — AaNTi was used, assuming that the number of bosons in the 
membrane is equal to the number of the holostar's interior particles. The Bosc- 
temperature of the two-dimensional membrane is independent of and of order 
of the Planck-temperature Tpi = y/h. For reasonable values of Jb and fp the 
numerical factor in 1|133[1 will lie in the interval from 0.285 and 0.303. With two 
degrees of freedom for the gravitons one finds that the Bose temperature of the 
membrane is roughly one third of the Planck temperature. The mean energy 
of a boson constrained to a two-dimensional surface is E = (12£(3)/7r 2 ) T w 
4.4T. Therefore, at the Bose-temperature the mean energy of the bosons in the 
membrane slightly exceeds the Planck energy. 

For large holostars the local temperature of the membrane will be far less 
then its Bose-temperature, due to the 1/ y'r-dependence of the local tempera- 
ture. Even for a holostar of Planck-size Bose condensation of the membrane is 
likely. 44 With the possible exception of very small holostars, all of the bosons 
comprising the membrane will be condensed into the ground state. Therefore 
the membrane will not contribute to the entropy. 

On the other hand, the membrane's contribution to the energy cannot be 
neglected. The ground state energy for a single boson will be somewhat larger 
than the energy of a standing wave with a wavelength comparable to the proper 
circumference of the holostar: 

Eo - ^So (134) 

£o ~ 3 is the constant for the lowest vibrational mode of the membrane. Its 
exact value can be determined by solving the equations for a vibrating spherical 
membrane. 

A rough estimate of the total energy of the membrane can be attained by 
multiplying the ground state energy Eq per boson with the number of particles 
from equation Ij21|l . Using relation (|18|l we get: 

^=^8^(£)^= m ! (i35) 

M is the gravitating mass of the holostar. The bosonic energy of the mem- 
brane is comparable to the gravitating mass of the holostar, giving further sup- 
port to the holographic principle. However, E m does not include the gravita- 
tional binding energy of the bosons within the membrane. The classical holostar 
equations predict a zero energy-density within the membrane, so that one ex- 
pects that the binding energy is exactly opposite to E m . 

The argument can be turned around. From the holostar solution it is known 
that the tangential pressure of the membrane has a stress-energy "content" equal 

44 However, it will not be possible to regard the membrane as a continuous surface, as has 
been done in the semi-classical approach in this paper. 
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to the holostar's gravitating mass. Under the assumption, that (i) the membrane 
consists of bosons, (ii) each boson in the membrane is in its ground state (with a 
wavelength roughly equal to the proper circumference of the holostar) and (iii) 
the mass energy within the membrane (excluding gravitational binding energy) 
can be estimated by simply summing up the individual boson energies, the total 
number of bosons constituting the membrane can be estimated via equations 
ill and P5fl : 

N m ~M/E ~^± = ?-N (136) 

This estimate gives the same order of magnitude for the number of bosons in 
the membrane, N m , and the number of particles within the holostar's interior, 
N. 



14 The zero temperature case 

In this section I discuss a "zero-temperature" holostar. I have put in this sec- 
tion rather for the completeness of coverage than being convinced that a zero- 
temperature holostar exists. However, the reader may judge for himself. 

In the zero-temperature case the bosonic contribution to the (interior) mass- 
energy density and entropy can be neglected with respect to the fermions. At 
T = the holostar's interior should be essentially free of bosons, all of which 
will have assembled in the membrane as the state of lowest energy. This will 
not be an option for the fermions, which are subject to the exclusion principle. 

In the zero-temperature case the fermi-distribution in momentum space is 
given by a Heavyside step-function, which is unity for low momenta and falls off 
to zero abruptly at the fermi- momentum pp. The fermi-momentum is nothing 
else than the chemical potential at T = 0. 

The number of relativistic fermions in an interior spherical shell of volume 
SV can be calculated as follows: 

w =i^4 < i37) 

where pp is the Fermi- momentum. 
The energy in the shell is given by: 

5E = -J—8V^ = ^PfSN (138) 

The mean energy of a highly relativistic fermion within the shell is lower 
than its fermi-momentum pp, because all momenta up to pp are occupied. In 
3D-space the average momentum is 3/4 pp. 

The energy of the shell per proper volume must be equal to the mass-energy 
density of the holostar solution. Therefore: 
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From this the fermi-energy pp can be read off: 

„ ttH 3 1 

PF 4 = -T- 140 

/ T* 

Inserting pf{t) from above into equation (|137(1 and using equation 1)20(1 for 
the volume element we can determine the number of fermions within the shell: 

Sbh is the Bekenstein-Hawking entropy attributed to the shell. 

According to the derivation in the last section we should now compare the 
thermodynamic entropy with the Hawking entropy in order to determine f3. But 
there is a difficulty with this approach: The thermodynamic entropy of a zero- 
temperature holostar is zero. All states within the fermi-sphere are occupied. 
There is just one microscopic configuration for such a degenerate macroscopic 
state. 

What seems to be possible, though, is to compare the momentum of the 
fermions at the holostar 's surface with the Hawking temperature (at infinity). In 
order to do this, we have to establish a relation between the local "temperature" 
and the fermi-energy at the holostar's surface. Let us consider the process, where 
a thin shell of particles is added to the holostar. Any fermion in the newly added 
shell has an energy given by equation (|138|) . The total energy of the shell is 
given by: 

SE = ^p F 5N (142) 

If any fermion carries an "intrinsic" entropy <tq, the entropy of the newly 
added shell will be given by 

SS = a a SN (143) 

Combining this with the known thermodynamic relation SS — 8E/T, we 
find: 

PF = |troT (144) 

We can determine oo by comparing the "temperature" To at the holostar's 
surface with the Hawking temperature (both temperatures compared at infin- 
ity): 

ff ° = in (t) 4 (145) 
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I haven't found a way to give accurate numerical figures for cto in the zero 
temperature case, as was possible in the case of non-zero temperature. This 
would require us to know both / and j3. Furthermore, one runs into severe 
problems, when one tries to interpret the "intrinsic" entropy cto and the "tem- 
perature" To (derived from the fermi momentum) in a thermodynamic sense. 
For instance, with fip = Pf the chemical potential per "temperature" naively 
is given by 



One could now try to use the above relation to calculate the intrinsic entropy 
do from the thermodynamic equations of an ultra-relativistic gas of fermions at 
non-zero temperature, assuming that the "intrinsic" entropy per fermion is equal 
to the thermodynamic entropy given by equation l|54fl . This would allow us to 
express Cto as a function of Up. But this approach fails. The implicit equation 
for up has no solution. Furthermore, equation 114(j|) is not even symmetric in 
up, so instead of getting two solutions up and —uf, which can be interpreted 
as particle/anti-particle pair, we just get a nonsensical imaginary result. The 
failure of this approach is not quite unexpected. It doesn't really make sense 
to use the T = Fermi-distribution for the calculation of energy- and number- 
densities and then set T = pf/uf ^ in order to get rid of the undesired result 
S = for the thermodynamic entropy. Quite obviously it requires a considerable 
amount of "creative cheating" in order to make a zero-temperature, zero entropy 
holostar compatible with the Hawking entropy and temperature relations. 

An approach which quite likely is not correct either, but which at least leads 
to some sensible numerical figures, is to compare the entropy per fermion a in 
the simple model of section 01 (a holostar, whose interior consists only out of 
fermions) with the " intrinsic entropy" cto of a particle in the " zero-temperature" 
holostar, which is given by equation l|145|l . The value of a is given by equation 
lfl%|l . The ratio of both quantities turns out as: 



Knowing ct (for the non-zero temperature case), one might then be able to 
determine cto via the above ratio. In the more sophisticated model of section 
0] the entropy ct for a (non-zero) temperature holostar consisting only out of 
fermions has been shown to be ct ~ 3.38, so that (Tq might be estimated as 



With cto the total number of particles N can be calculated. It turns out 
larger than in the non-zero temperature case by roughly a factor of 1.8 (assuming 
cr ~ 3.38 for the non-zero temperature case): 
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(146) 





(147) 



ct ~ 1.90 



.4 




(148) 



N = 
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Up to somewhat different constant factors the zero temperature model pro- 
duces essentially the same results as the non-zero temperature model discussed 
in the previous sections. However, for T = the thermodynamic entropy of the 
interior fermions is zero. The membrane doesn't contribute to the entropy any- 
way. Therefore a zero temperature holostar should have no appreciable thermo- 
dynamic entropy, which is in gross contradiction to the Hawking entropy-area 
law. Giving the fermions an "intrinsic" entropy can solve the problem, but 
not in a truly satisfactory way. Therefore I rate it doubtable that the the 
zero-temperature case is a physically acceptable description for a compact self 
gravitating object. 

15 Rotation 

In order to study collision or accretion processes involving the new type holostar 
solutions it will be necessary to find a solution that describes a rotating object. 

Some properties of a yet to be found rotating axially-symmetric holostar 
solution might be inferred from the spherically symmetric solution. For a first 
approximation one could assume that the holostar rotates stiffly, at least for 
small rotation speeds. Unfortunately this requires infinitesimally small rotation 
rates dip/dt for a large holostar, in order that the holostar's surface doesn't 
rotate faster than the local velocity of light. 

On the other hand, the event horizon of a Kerr black hole is known to ro- 
tate stiffly, irrespective of the rotation speed. Although there is no theorem like 
Birkhoff's theorem for axially-symmetric space-times, it is not unreasonable to 
assume that the exterior space-time of a rotating holostar is similar, if not iden- 
tical, to the Kcrr-mctric. If this is true, at least the surface of a holostar should 
rotate stiffly. Furthermore one can expect that a rotating holostar will have no 
differential rotation within any interior spherical shell, although spherical shells 
with different radial coordinate positions 45 might rotate differentially with re- 
spect to each other. If there is differential interior rotation, it is quite probable 
that an interior observer will not be able to discern any peculiar angular motion 
due to differential rotation of the interior shells. The proper radial distance be- 
tween adjacent spherical shells is huge, due to the r/Vo-dependence of the radial 
metric coefficient. Therefore, as long as the differential rotation doesn't depend 
exponentially on the radial coordinate value, an interior observer will not be 
able to notice the differential rotation of the shell with respect to an adjacent 
shell, even if the proper distance to the adjacent shell is equal to the Hubble- 
radius of the interior observer. This is due to the fact, that the radial coordinate 
distance between the shells becomes infinitesimally small for any fixed proper 
radial distance. 

It is quite clear, that a holostar's rotation rate is limited. It must rotate less 
than the maximum rotation rate of a Kerr black hole: A maximally rotating 
(extreme) Kerr black hole is characterized by the property, that the proper 

45 Keep in mind that for a rotating holostar it is not trivial to determine the geometric 
interpretation of a chosen " radial coordinate" . 
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velocity of the (stiffly rotating) event horizon equals the velocity of light. For 
the holostar solution this would imply that the rotation speed of the membrane, 
which lies slightly outside the gravitational radius, would exceed the velocity of 
light. 



15.1 A bound for the mean spin-alignment of the interior 
particles 

This upper bound enables us to get some valuable information with respect to 
the interior structure of a rotating holostar. For this purpose it is instructive to 
reflect on how the rotation will manifest itself locally in the holostar's interior. 
The overall rotation is expected to force the interior particles to align their 
spins and orbital momenta along the rotation axis. I assume, that the rotation 
doesn't change the number of interior particles. 46 In this case the entropy (and 
surface area) should remain constant. The maximum rotation will be achieved, 
when the spins and orbital momenta of all interior particles are aligned. The 
dominant particle species within a holostar, at least with respect to the number 
of particles, are ultra-relativistic particles. If we neglect the orbital momenta, 
we can determine the fraction of the total angular momentum of a holostar, Jh , 
due to the alignment of its spins: 

J H = ]HN = J-A (149) 

j is the expectation value of the spin quantum number of the ultra-relativistic 
particles in direction of the exterior rotation axis. For a maximally aligned 
holostar (meaning the j z component of the spins of all particles point into the 
direction of the exterior rotation axis) j will be equal to the sum of the spin- 
quantum numbers of all the particles composing the holostar divided by the total 
number of particles. For a large holostar approaching the size of the universe, 
the dominant interior (relativistic) particle species will be the neutrinos with 
jp = 1/2 and possibly photons with jb = 1. 

If orbital angular momentum is included, the total angular momentum of 
the holostar will be higher than the value in equation (|149|l . Alternatively j can 
be interpreted as the expectation value of the spin of the particles in direction of 
the rotation axis, including the mean orbital momentum of the particles (if there 
is any) . To get an estimate of the maximum possible rotation rate of a holostar 
we can compare the angular momentum of a maximally aligned holostar to that 
of a maximally rotating (extreme) Kerr black hole. 

For an extreme Kerr-Black hole there is a definite relationship between its 
angular momentum, Jk, and surface area: 



46 This requires that energy must be transferred adiabatically to the holostar in order to 
spin it up from zero to maximum angular momentum. 
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The hole-star's angular momentum can never exceed the angular momentum 
of an extreme Kerr-black hole, which requires J B < Jk- Comparing the two 
angular momenta we find: 

^ = 27-<i 

J K cr 

This can be interpreted as a bound on the mean spin quantum number of 
the interior particles of a rotating holostar: 

J<™«~-(1.004...1.07) (150) 

Z 7T Z 

In our simple thermodynamic model the value of a, the entropy per fermion, 
is very close to n. The exact value of a depends on the ratio between the bosonic 
and the fermionic degrees of freedom and on how the chemical potentials of 
bosons and fermions are related. For all reasonable values of fp and f B , the 
ratio a/n is larger than 1 although only by a small percentage, as can be seen 
from the tables in section |SJ 

For the realistic thermodynamic model, i.e. when the chemical potential 
of the bosons is zero (Tabled and for realistic values of Jb/Jf < 3000, a/n 
attains its maximum for /b//f = and its minimum at roughly f B j 'fp = 8: 

(<r/n) max « 1.076 for f B = 
Wvr) mm w 1.004 for f B /f F « 8 

For the "abnormal supersymmetric phase", i.e. when the chemical potential 
of the bosons is opposite in sign to the chemical potential of the fermions (Table 
|5J), we find: 

(o-/7r) mm « 1.067 for f B = 
(a/n) » 1.073 for f B = fp 

In any case, whatever the combination of fp and f B and the relation between 
the chemical potentials might be, one can come very close to the angular mo- 
mentum of a maximally rotating Kerr-Black hole, by simply aligning the spins of 
the ultra-relativistic fermions (and bosons) of the spherically symmetric holostar 
solution. If the (mean effective) spin quantum number of the ultra-relativistic 
particles within the holostar is larger than 1/2, it is possible to exceed the an- 
gular momentum of a maximally rotating Kerr-black hole, simply by aligning a 
large proportion of the spins, as can be seen from equation (|15UI) . If the interior 
particles have an appreciable orbital angular momentum, which was neglected 
in the determination of J B , the Kerr-limit will be exceeded, even if all of the 
ultra-relativistic particles are spin-1/2 particles (i.e. particles with the lowest 
non-zero spin quantum possible). This is physically unacceptable. The outer 
regions of the holostar would rotate with a velocity larger than the speed of 
light. 

47 Note that both objects are compared assuming that their surface areas are equal. This 
seems the most natural assumption. A rotating holostar, whose number of particles is equal 
to the non-rotating case, should have the same entropy and thus the same surface area. We 
therefore should compare the rotating holostar with a Kerr black hole of the same area. 
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15.1.1 interior particle spin j = 1/2 

Under the assumption, that the holostar consists only out of spin 1/2 fcrmions, 
aligning the spins of all particles already yields a total angular momentum that 
is quite close to the maximum angular momentum possible, Jr-: 

Jh = -Jk = 0.9297 J K (151) 
a 

J « 0.9 Jk is quite close to the rotation rates expected for black holes 
formed from realistic gravitational collapse or accretion processes, when the 
angular momentum of the collapsing matter is taken into account. In fact, very 
recently the mass and angular momentum of the black hole in the center of our 
galaxy has been measured by analyzing the frequency spectrum of X-ray flares 
coming from the galactic center The measurements allow a very precise 
determination of the angular momentum variable a = 3 f Jk (a denotes the 
ratio of the angular momentum of a black hole to its maximum possible value, 
which is given by the angular momentum of an extreme Kerr black hole). The 
data allow two solutions, characterized by a low (M = 2.79(4) • 10 6 M©) and 
a high (M = 4.75(7) • 10 6 M Q ) gravitational mass of the black hole. Although 
the masses differ by a factor of almost two, the angular momentum parameters 
are nearly identical, a — 0.9937(7) for the low and a — 0.991(2) for the high 
mass solution. Both values are very close to the prediction a = 0.9297 for a 
maximally aligned fermionic holostar (Eq. (|151|l ). 

The argument can be turned around. There appears to be no basic physical 
law that forbids the interior particles of a holostar to align their spins along a 
common axis. If this is so, the interior (massless) particles of a rotating holostar 
should be mostly spin 1/2 particles or a mixture of spin 0, spin 1/2 and spin 1 
particles, with not too high a contribution of particles with higher spin, other- 
wise the Kerr-limit would be exceeded. 48 Furthermore, the interior particles of a 
rapidly rotating holostar cannot have high orbital angular momenta, otherwise 
the Kerr-limit would be exceeded even if the holostar consisted exclusively out 
of spin- 1/2 particles. 

15.1.2 interior particle spin j = 1/2 and j = 1 

If the holostar contains one massless fermionic and one massless bosonic species, 
such as the neutrino and the photon, it not possible to align all particles. Let 
us construct a very simple example. Consider the case fp = fg. Let all of the 
fcrmions have spin jp — 1/2 and all of the bosons spin jb — 1- According to 
the formula and tables given in section |H1 the number density of the fermions 
+ anti-fermions per proper volume is a factor of w = (wn + Wn)/2 ~ 1.7877 
higher than the number density of the bosons. 

If the spins of all particles are aligned, the mean expectation value of all 
spins in the direction of the alignment-axis is given by: 

48 This is quite similar to the situation in loop quantum gravity, where the number of states 
of the area operator (within a given small area range) is dominated by spin 1/2 links for large 
areas. 
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1 + w 1 + w 

This is larger than the bound of equation (|150fl . evaluated for a = 3.2299: 

l<\- = 0.5141 (153) 

This bound cannot be exceeded, therefore either it is impossible to align all 
of the spins or there must be a significant fraction of spin-0 bosons. If only the 
fermions are aligned, we get: 

— w I 

j = - - = 0.3206 (154) 

so that angular momentum of the holostar due to the alignment of all of its 
spin-1/2 particles is roughly 62% of the maximum spin. 

It seems awkward to postulate, that the fcrmionic spins can be aligned along 
a common axis and the bosonic spins not. If one aligns all spins, there is no 
problem when the holostar consists only out of fermions, whereas for equal 
fermion and boson numbers the spin-limit is exceeded (with the assumption 
that all fermions have spin-1/2 and all bosons spin-1). If one knows how the 
spins are distributed among the different particle-species, such as in certain 
supersymmetric models, it is possible to check whether aligning all of the spins 
violates the spin- limit j m ax — °7(27r). With the simplified assumption that all 
bosons have spin-1 and all fermions spin-1/2, we find that there must be at least 
10.45 fermionic degrees of freedom per bosonic degree of freedom, in order that 
the spin-limit is not exceeded. 



15.2 supersymmetric models 

An interesting value is the spin-limit for equal bosonic and fermionic degrees of 
freedom. According to equation l|153fl its value is given by j ss — 0.5141. One 
might use this value in order to restrict the various supersymmetric models. For 
example, N = 8 supersymmetry has a mean-spin of the fermions of jp = 5/8 
and a mean spin of the bosons js — 15/32. Using equation i|152fl and replacing 
jp — ► 5/8 and jb — * 15/32 leads to j = 0.569, which exceeds the limit, whereas 
N = 4 supersymmetry leads to j = 0.410, which is within the limit. 

In any case, the spin- limit provides quite a stringent constraint, which can 
be violated quite easily, even without taking the angular momentum of the 
particle's motion into account. Therefore we are led to the assumption, that a 
rotating holostar most likely acquires its angular momentum predominantly due 
to the alignment of its interior particles. There should be neither an appreciable 
contribution from the higher spin particles, such as spin-1 bosons, nor a signif- 
icant angular momentum contribution from the interior particles. Note also, 
that if the angular momentum value of a large charged holostar can be inter- 
preted as the alignment of its charged spin 1/2 particles along a common axis, 
this might be an "explanation" for the g- factor of two for a rotating charged 
Kerr-Newman black hole. 
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15.3 the zero temperature case 



How does a zero-temperature holostar, as discussed in section ^] fit into this 
picture? For a zero temperature holostar one finds a numerically different result 
for the maximum spin expectation value: 

^ = 27^3.32J<1 



1 

J«<3 

If more than roughly two thirds of the spin 1/2 fermions arc aligned along 
a particular axis, the angular momentum of the zero-temperature holostar will 
exceed the angular momentum of the extreme Kerr-solution. If the interior 
particles have higher spin or orbital angular momentum, such a situation will 
occur at even lower relative alignments. Rotation rates exceeding the extreme 
Kerr-rate are physically not acceptable. On the other hand, from the viewpoint 
of the interior observer there seems to be no good reason, why not all of the 
spin's can be aligned along a common axis. Therefore the above finding might 
be interpreted as further evidence, that a zero-temperature black hole is not 
physically realized. 



15.4 local CP-violation 

Quite interestingly, a rotating holostar could be a natural cause for an (appar- 
ent) C and/or P violation. As has been shown in jjj the motion of any "ordinary" 
particle in the holostar becomes nearly radial and outward directed, whenever 
the particles can be considered as non-interacting. Such a non-interaction con- 
dition is evidently satisfied by the neutrinos in the outer regions of a holostar of 
the size of the universe. If the spins of the radially outward moving neutrinos are 
forced to line up with respect to a given exterior rotation axis, the holostar will 
be divided into two half-spheres with a distinct matter-antimatter asymmetry 
(if the neutrinos have just one definite hclicity state as assumed by the Standard 
Model). Under the alignment-constraint imposed by the exterior rotation axis 
the antineutrinos, with spin in direction of flight, will preferentially move in 
the direction of the external rotation axis, whereas the neutrinos with opposite 
helicity will preferentially move in the opposite direction. If the holostar attains 
its maximum rotation rate, i.e. all of the fermion spins are aligned with re- 
spect to the rotation axis, there will be an almost perfect neutrino/antineutrino 
asymmetry between the two half-spheres. Neutrinos moving radially outward 
will dominate one half-sphere, anti-neutrinos the other. 
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16 Discussion and Outlook 



A simple thermodynamic model for the holostar solution has been presented 
which fits well into the established theory of black holes. From the viewpoint 
of an exterior observer the holostar appears very similar to a classical black 
hole. The modifications are minor and only "visible" at close distance: The 
event horizon is replaced by a two dimensional membrane with high tangential 
pressure, situated roughly a two Planck coordinate lengths outside of the grav- 
itational radius. The pressure of the membrane is equal to the pressure derived 
from the so called "membrane paradigm" for black holes |1(J) . which guarantees, 
that the holostar's action on the exterior space-time is indistinguishable from 
that of a same-sized black hole. The membrane has zero energy-density, as ex- 
pected from string theory. The interior matter is singularity free and can be 
interpreted as a radial collection of classical strings, attached to the holostar's 
spherical boundary membrane. Each string segment attached to the membrane 
occupies a membrane segment of exactly one Planck area. The string tension 
falls with radius and is inverse proportional to the string length, as measured 
by an asymptotic observer at spatial infinity. 

The interior matter state can be interpreted in terms of particles. In this 
paper a very simple thermodynamic model of an ideal ultra-relativistic gas was 
discussed. Temperature and entropy of the holostar are of microscopic origin 
and exactly proportional to the Hawking temperature and -entropy. The number 
of interior particles within the holostar is proportional to the proper area of the 
boundary-membrane, measured in Planck units, indicating that the holographic 
principle is valid for compact self-gravitating objects of arbitrary size. 

The surface temperature of a holostar measured at infinity is proportional 
to the Hawking temperature. By this correspondence one can set up a specific 
relation between the Hawking temperature (measured at infinity), the interior 
radiation temperature and the interior matter density. This correspondence 
allows an experimental verification of the Hawking-temperature law from the 
holostar's interior. By comparing the CMBR-temperature to the total matter 
density of the universe the Hawking temperature law has been experimentally 
verified to an accuracy of roughly 1 %. However, the numerical verification 
depends on the formula given in |S] for j3 (Eq. I78fl . which stills lacks a formal 
derivation. 

The holostar solution has no singularity and no event horizon. Information 
is not lost: The total information content of the space-time is encoded in its con- 
stituent matter, which can consist out of strings or particles. Unitary evolution 
of particles is possible throughout the full space-time manifold. Every ultra- 
relativistic particle carries a definite entropy, which can be calculated when the 
number of ultra-relativistic fcrmionic and bosonic degrees of freedom is known. 

The thermodynamics of the holostar solution indicate, that chemical poten- 
tials play an important role in the stabilization of self gravitating systems. The 
holostar requires a non-zero chemical potential, proportional to the local radi- 
ation temperature, of at least one fermionic ultra-relativistic species. Different 
thermodynamic models can be constructed, which are characterized by the ratio 
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of bosonic to fcrmionic degrees of freedom. 

The non-zero chemical potential of the ultra-relativistic fermions acts as 
a natural cause for a significant matter-antimatter asymmetry in a spheri- 
cally symmetric curved space-time. For any ultra-relativistic fermionic parti- 
cle there are never more than 0.09 anti-particles, meaning the total fraction of 
anti-fermions is always less than 8 % of the total number of particles and anti- 
particles of a given species. Therefore at least 84 % of the original energy-density 
of an ultra-relativistic fermion gas "survives" in ordinary fermionic matter, if 
the temperature falls below the mass-threshold and less than 8 % anti-fermions 
annihilate with their matter counterparts. 

Although the interior structure of the non-rotating holostar can be consid- 
ered as fairly well understood, not much is known about the membrane and 
the astrophysically interesting case of a rotating holostar. These two topics 
present themselves as a very interesting themes of future research. Some argu- 
ments with respect to the interior structure of the membrane and the properties 
of a - yet to be found - rotating holostar solution were given. It has been pro- 
posed, that the membrane consists of a gas of bosons at a temperature far below 
the Bose-temperature of the membrane, forming a single macroscopic quantum 
state. Evidence has been presented that a rotating holostar will acquire its an- 
gular momentum preferentially by the alignment of its interior particles along 
the rotation axis. Whether these tentative "predictions" point into the right 
direction can only be answered by future research. 

Having two or more solutions for the field equations (black hole vs. holostar) 
makes the question of how these solutions can be distinguished from each other 
experimentally an imminently important question. Can we find out by experi- 
ment or observation, which of the known solutions, if any, is realized in nature? 
At the present time the best argument in favor of the holostar solution appears 
to be the accurate measurement of the Hawking temperature via the CMBR- 
temperature and the matter-density of the universe. 

Yet it would be helpful if more direct experimental evidence were avail- 
able. Due to Birkhoff's theorem the holostar cannot be distinguished from a 
Schwarzschild black hole by measurements of its exterior gravitational field. 
But whenever holostars come close to each other or collide, their characteris- 
tic interior structure should produce observable effects, which deviate from the 
collisions of black holes. Presumably a collision of two holostars will be ac- 
companied by an intense exchange of particles, with the possible production of 
particle jets along the angular momentum axis. 

In accretion processes the membrane might produce a noticeable effect. The 
rather stiff membrane with its high surface pressure might be a better " reflector" 
for the incoming particles, than the vacuum-region of the event horizon of a 
Schwarzschild-type black hole. There are observations of burst-like emissions 
from compact objects, which are assumed to be black holes because of their high 
mass (M > 3 — 5M Q ), but that have spectra rather characteristic for neutron 
stars, i.e. of particles "hitting" a stiff surface. A more accurate observation of 
these objects might provide important experimental clues to decide the issue. 

A high density of bosons in the membrane, with a mean separation compa- 
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rable to the Planck-length, might induce copious particle-interchange reactions, 
similar to what is expected when particles cross a so called domain-wall. For 
holostars of sub-stellar size (r^ w 1 km) the local temperature at the membrane 
becomes comparable to the nucleon rest mass energy. A rather hot particle 
gas at the position of the membrane could produce noticeable effects with re- 
spect to the relative abundances of the "reflected" particles, due to high energy 
interactions with the constituent particles of the membrane or the holostar's 
interior. 

On the other hand, the extreme surface red-shifts on the order of z w 10 20 for 
a solar mass holostar, and larger yet for higher mass objects (z oc vM), might 
not allow a conclusive interpretation of the experimental data with regard to 
the true nature of any such black hole type object. 

The most promising route therefore appears to be, to study the holostar 
from its interior. In [Jj it has been demonstrated, that the holostar has the 
potential to serve as an alternative model for the universe. The recent WMAP- 
measurements have determined the product of the Hubble constant H times the 
age of the universe r to be H r ~ 1.02 experimentally with H — 71 (km/ 's) /Mpc 
and r = 13.7 Gy. The holostar solution predicts H r = 1 exactly. There are 
other predictions which fit astoundingly well with the observational data. This 
in itself is remarkable, because the holostar-solution has practically no free pa- 
rameters. It's unique properties arise from a delicate cancelation of terms in 
the Einstein field equations, which only occurs for the "special" matter density 
p = l/(87rr 2 ), leading to the "special" radial metric coefficient g rr = r/r (see 
[B] for the derivation). That the holostar solution with its completely "rigid" 
structure has so much in common with the universe as we see it today, either is 
the greatest coincidence imaginable, or not a coincidence at all. 

With the holostar solution we have a beautifully simple model for a singu- 
larity free compact self gravitating object, which is easily falsifiable. Its metric 
and fields are simple, its properties are not. It is an elegant solution, as any- 
one studying its properties will soon come to realize. However, in science it is 
experiments and observations, not aesthetics, that will have to decide, which 
solution of the field equations has been chosen by nature. It is our task, to find 
out. The work has just begun. 
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